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ABSTRACT
Efficient management of teaching-learning conditions increases the quality of education.
Teaching is the core of education and generally educational institutions focus to enhance the quality
of teaching. There are various methods to control and enhance the quality. Our proposal is that, if
teaching and assessment is multidimensional and integrated in a course; such educational process
will increase the level and quality of education, and dimensionalities of an actual examination can
be detected with respect to the prerequisite courses and corresponding examinations. There are
several models for the study of dimensionality in the Measurement Theory. Although
Multidimensional Item Response Theory analyzes dimensionality among different items within a
test, in this study, different approach is introduced. Existence of internal (implicit) dimensionalities
in an examination is searched on the strength of the abilities of several congener courses. In this
context, first pattern model is designated and it is compared with actual model. The purpose of the
study is to describe the convenient acceptance level of the actual model for each of dimensions, and
to determine the admissibility conditions of the total impact of the internal dimensions of actual
exam with regard to reasonable evidences, and to identify the quality of a course with respect to its
prerequisites and dimensions. Therefore, it is described whether utilization of broad perspective of
the prerequisite courses is suitable or not in detecting dimensionality. For that reason, Empirical
studies are done with respect to multivariate data analysis procedures and principal components
based multidimensional regression analysis procedures. Based on the methodologies given in 2.5.1,
2.5.2, dimensionality detection is done on the strength of prerequisite examinations. Comparison of
actual model and pattern model, closeness detection of desirable contributions of internal
dimensions of pattern model and estimated contributions of internal dimensions of actual model is
done with respects to test of significance; after all comparison of total impact of desirable regression
coefficients and total impact of estimated regression coefficients, statistical closeness in the whole is
detected by t-test too.
Mainly uncorrelated, low correlated and multicollinear three different cases are generated
and elaborated for detecting dimensionality of tests. In detail four distinct situations are taken into
consideration, and consequently following facts are observed and interpreted:
Case1: Desirable closeness of actual model and pattern model,
i

Case 2: Undesirable actual model while one of the estimated inner dimensions and total
impact of both inner dimensions exceeds “a desirable coefficient and desirable total impact”,
Case 3: Undesirable contribution of one of inner dimensions but acceptable total impact,
Case 4: Undesirable contribution of both inner dimensions and unacceptable total impact.
According to the results of the first and third cases, in general such examinations are three
dimensional, assumptions of the qualified exam is almost satisfied in both cases. However, in the
second case course and corresponding actual examination has high relation with background
knowledge and this is not required situation. In the fourth case actual model and pattern model are
very far from each other and that situation is discussed according to two different facts. On the one
hand actual examination is highly concentrated on one dimension (new course materials itself)
which is the indicator of very week connection with prerequisites; on the other hand relation among
the prerequisite examinations and the actual examination is observed very highly, actual
examination is still three dimensional but effects of prerequisites are undesirably exceeds expected
contributions.
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INTRODUCTION
During life, we are tested many times. Different kinds of questionnaires, examinations,
rating scales, and some other measurement and evaluation methods are used to determine level of
individuals and to clarify their abilities. Objectivity, reliability, and quality of those methods are
fundamental and crucial characteristics. Nowadays usage of contemporary methods and techniques
increases rapidly in psychometrics and they are widely implemented in psychological and
educational measurement.
Examinees have very distinguished attributes, cognitive skills. Responses of them give us
clues about their skills and knowledge. Any examination should help to measure realistic level of
examinees under the assumptions of scientific methods and above mentioned features. Among
various theories of measurement, unidimensional item response theory (IRT) models and statistics
connected with these models contain mathematical constructions and allow us to apply statistical
analysis in measurement and assessment phase effectively. According to Reckase (2009) an
extension of unidimensional IRT models to describe situations where multiple skills and abilities are
needed to respond to test items will provide a more accurate representation of the complexity of
tests. IRT models of this type describe the interaction of vectors of traits or abilities with the
characteristics of test items rather than assuming a single trait parameter. Those multidimensional
item response theory (MIRT) models have multiple parameters for any person and in the
multidimensional space location and level of that person more accurately is determined.
Main purpose of the psychometric process and usage of different measurement theories is to
determine maximum information about an individual. This valuable information is accessible from
different methods, while valid, theoretic mathematical background of implementation is used and
reliable atmosphere is satisfied. In this context, Classical Test Theory (CTT), IRT or MIRT have a
pioneer role in educational measurement and psychometric process.
Because the roles of the exemplified tests are so important in the social life, constructing,
designing and evaluating tests becomes very essential. Identifying cognitive abilities of a test taker
and representing them as a reliable numerical score is among the goals of educational and
psychological measurement. This score is accessible by means of the psychometric process. First
step is constructing the exam questions, determining observed score from that examination is the
second phase, using this observed score to obtain a true score is the third step in this
1

process(Ergüven, 2013). If the reliability is enough high, observed score can be consider as deputy
of the true score.
Well-organized education cycle requires transformative teaching and learning processes.
Such transformative process requires integrative instruction to coordinate prior knowledge and
abilities adequately and to connect them with the concurrent course conveniently. Based on any of
the mentioned measurement models ability level of examinees can be determined and using those
abilities dimensionality of a course should be detected with respect to prerequisite courses‟
examinations. It is considered that there is relation among dimensionality of a course and its quality.
Unfortunately, in practice researchers cannot easily analyze the test because of the hardness of
multidimensional models. Here new approach is introduced to detect dimensionality of current
course and corresponding examination. In the assessment phase this study is focused on the
dimensionality detection of the actual examination with respect to prerequisite examinations. On the
basis of dimensionalities, conditions of a course and corresponding examination is evaluated to
control the quality and to improve the quality of actual course.

Novelty and Originality
Although Multidimensional Item Response Theory analyzes dimensionality among different
items within a test; in this study, different approach is introduced. Existence of internal (implicit)
dimensionalities in an examination is searched on the strength of the ability levels of several
congener courses‟ examinations which are named here as grades of prerequisite examinations. Using
those prerequisite examinations dimensionality of actual examination is detected and described to
represent connection among current course and prerequisite courses.
Mainly this dimensionality determination problem is the problem of estimation of
multidimensional linear regression parameters. For that reason new terminology is introduced
containing internal (implicit) dimensionality, desirable contributions of the pattern model, and
estimated contributions of the dimensionalities of the actual model on the strength of the
prerequisite examinations. Principal components based new methodology is used. Closeness per
each dimension and closeness in the whole is elaborated. Eventually, adequacy and quality of the
actual course and actual examination is detected with respect to the elaboration of actual
examination‟s dimensionality.

2

Scientific and Practical Importance
In the thesis study, to compute regression coefficients:
1. Determination of the PCA objects (principal components, Eigen values, transformation
matrices) with the methodology of Singular Value Decomposition is done. Singular
values, matrices of left and right singular vectors U and L is determined correspondingly.
2.

Using formulas

*

and

+

, those regression

coefficients are determined.
While the prerequisite examinations are un-correlated, low-correlated, or nearly perfect
collinear, theoretically expressed approaches (2.5.1) and (2.5.2) together with the algorithm of SVD
by Means of Rank Tensors Approximation (see 2.5.3.2) gives possibility to avoid calculation of
inverse covariance matrix, procedure of least square methods and simply allows obtaining for
sought regression coefficients directly by means of

.

Instead covariance matrix, inner

product matrix of principal components is used. Simply dot product of matrices of singular values
gives

.(

).

In the multicollinear case to avoid high collinearity standard regression procedure is
implemented on the orthogonal principal components. This regression gives
can be transformed into mentioned

values by means of

coefficients which

. Using principal component

based regression analysis, theory of finding coefficients is applied to uncorrelated and low
correlated cases too.
Those estimated

coefficients are used as contributions of the dimensionalities of actual

examination. Therefore dimensionality detection is done with regard to prerequisite courses and
corresponding examinations. Determined dimensionality is used to identify quality of an
examination.

Contents of the Thesis
Chapter I is literature review. Theory of measurement, basis of measurement on firm
mathematical foundation, influences and relations among statistics and measurement theory is given
in this chapter. Mathematical determination of scales of measurement and importance of choosing
correct scale of measurement in statistical analysis is expressed. Among theories of measurement
essential rules of CTT and IRT, MIRT models are presented in this part of the study. Meaning of
dimensionality in mentioned three models is determined; factor analysis in IRT and MIRT is shortly
3

presented. Main principles of detecting dimensionalities of a course and using that dimensionality in
quality control are given.
In general Chapter II is formal and theoretical definition of the methodology which should
be used to detect and determine internal dimensionality of an examination. In this chapter definition
of the problem is done, terminology of pattern model and actual model is given, based on the
conception of the conditional distribution solution method of the General Multidimensional Problem
is determined, brief explanation about multicollinearity is introduced, solution ways of this problem
in two directions as least squared method and as conditional expectation is explained with examples.
Low rank tensor approximation of the matrix of the independent variables and algorithm of SVD by
means of 1-rank tensors approximation are expressed as iterative methods for solution of SVD
problem. After that, to describe the internal implicit dimensions and to define impact of
prerequisites, SVD and principal components based new approach is theoretically explained in
detail. Lastly, how to describe acceptable closeness of expected (pattern) exam results and actual
exam results is presented.
In Chapter 3, empirical studies are done with respect to multivariate data analysis procedures
and principal components based multidimensional regression analysis procedures. Based on the
methodologies given in 2.5.1, 2.5.2, dimensionality detection is done on the strength of prerequisite
examinations. Comparison of actual model and pattern model, closeness detection of desirable
contributions of internal dimensions of pattern model and estimated contributions of internal
dimensions of actual model is done with respects to test of significance. In the comparison of total
impact of desirable regression coefficients and total impact of estimated regression coefficients,
statistical closeness in the whole is detected by t-test.

4

CHAPTER I
LITERATURE REVIEW
1.1.

Measurement Theory and Influences of Measurement Theory on
Statistical Analysis
Measurement is an essential concept in science. Conclusions of empirical studies are based

on values measured on research objects. The purpose of measurement is to differentiate abilities
across people (Suen, 1990). Studies on measurements start in 19th century, taking roots in works of
French and German psychiatrists that verified the influence of mental diseases in motor, sensorial,
and behavioral-cognitive skills, and those of English researchers in the field of genetics, which
highlighted the importance of measuring individual differences with the use of well-defined
methodologies. (E.P. Araujo,, D. F. Andrade, S. Bortolotti, 2009)
The 'classical' school of measurement was developed in physics and other sciences by the end
of the nineteenth century. In the classical view, measurement discovered a numerical relationship
between a standard object and the one measured. The property was seen as inherent in the object.
This viewpoint is deeply ingrained in our language and society (Chrisman, 1998).
Measurement, the assignment of numbers to objects to represent their gradual properties, can
be „derived‟ or „fundamental‟. In derived measurement, we obtain the desired value of a magnitude
for an object from other values we already have and which we related with the unknown value in a
specific way. Derived measurement is by far the most common kind of measurement in scientific
practice, but it is clear that, measurement cannot always be derived. Fundamental measurement is
essential for it is „where everything begins‟. In fundamental, or direct, measurement we obtain the
desired values with no previous measurements at all directly from qualitative empirical data (Diez).

Historical Development of Measurement Theory
According to Boumans (2005) Maxwell indicates that: “All the mathematical sciences are
founded on relations between physical laws and laws of numbers, so that the aim of exact science is
to reduce the problems of nature to the determination of quantities by operations with numbers”.
(Boumans, 2005).

5

The theory of measurement is an interdisciplinary subject that grew out of the attempt to put
the foundations of measurement on firm mathematical foundation. Measurement Theory is the result
of two different complementary research traditions.
The first begins with Helmholtz (1887). Helmholtz took up Maxwell‟s view and continued to
think in this direction; and continuous with Hölder and Campbell, and focuses on comparative
combinatorial systems and real morphisms. Helmholtz was the first to ask the main question on how
fundamental measurement is possible. He was also the first one to answer it by providing a set of
conditions that the system must satisfy. He did not demonstrate that his conditions were sufficient
for numerical representation. This was achieved by Hölder (1901). He studied the
necessity/sufficiency of a set of conditions for the numerical representation of a qualitative
comparative-combinatorial system.
Hölder gives seven conditions, or axioms, that the domain D of objects, the qualitative
relation

greater than or equal to and the qualitative operation o must satisfy and demonstrates that

these conditions are jointly sufficient for there to be an isomorphism from

D,

,o > onto

Re+,

Re+ from the domain of objects into the positive

≥, +>; that is for there to be a 1-1 mapping f:D
real numbers so that
i)

a

ii)

aob

b iff f(a) ≥f(b)
c iff f(a)+f(b)= f(c).

(1.1)

In this sense numbers represent magnitudes, since numbers assigned to objects are such that
qualitative

-facts among objects are „replicated‟ by quantitative ≥-facts about the assigned

numbers, and the same goes for qualitative o-facts and +-facts. This result is known as Hölder‟s
Theorem. After Hölder, Huntington (1902) presented similar results. Wiener (1921) was also
heading in the same direction. The second tradition originates in the work of Stevens and his
collaborators on scale types, transformations, and invariance (Diez).

1.2.

Representational Theory
First aspect of fundamental measurement is the representation theorem. The representational

theory provides for the assignment of numbers to the empirical objects in such a way that interesting
qualitative empirical relations among the objects are reflected in the numbers themselves as well as
in important properties of the number system. Often in the case of infinite set of objects, one may
6

Table1: Stevens’ scales of measurement (1946)

Usage of statistics and probability helps to clarify quantitatively possible variances, errors in
data analysis. If the implemented methods and results are objective then the research is meaningful.
Measurement theory is for investigating the conditions that make measurement possible and for
studying the extent to which we can use the measures obtained to make objective statements about
objects (Diez). Furthermore preparing relevant data to evaluate real sociological facts is very
important but good data and sophisticated analysis only get you so far. For best decisions, you must
be empowered to select and interpret between different data types in that case you will be able to
achieve your research targets in a scientific manner. For that reason types of scales and suitable
statistical methods are expressed in the next subtitle.

1.3.

Mathematical Determination of Scales of Measurement
In the theory of measurement, we think of starting with a set A of objects that we want to

measure. We shall think of a scale of measurement as a function f that assigns a real number f(a) to
each element a of A. More generally we can think of f(a) as belonging to another set B.
Theoretically an admissible transformation of a scale can be thought of as a function
takes f(a) into

that

. Stevens classified scales into four types according to the associated class

of admissible transformations (function that sends, transfers one acceptable scale into another, for
example Centigrade into Fahrenheit and kilograms into pounds). These are nominal, ordinal,
interval, and ratio scales.

8

If the admissible transformations are the (strictly) monotone increasing transformations, this
scale is an ordinal scale. Comparing sizes is meaningful in ordinal scale: f (a)>f (b)
In this type of scale, the categories have a logical order or ordered relationship to each other.
Ordinal variables do not tell anything about the absolute magnitude of the difference between 1st and
2nd or 4th and 5th. For a scale to be at the ordinal level of measurement, the categories comprising the
scale must be mutually exclusive and ordered (Knapp, 1990). Economic situation, joining to the
social activities, level of success, grades for academic performance (A, B, C ...) are some variables,
which are useful for statistical implementations in the ordinal scale. Appropriate statistical
operations to this scale are finding median, mode, rank order correlation, variance (non-parametric).
If the admissible transformations are the form:
, It is called interval scale.
Temperature scale is an interval scale since the transformation from Centigrade into Fahrenheit
involves the following form:
.
All quantitative attributes (temperature, IQ) are measurable with help of interval scale. Beside
equality of units, zero does not represent the absolute lowest value. Rather, it is point on the scale
with numbers both above and below it. Interval scale data would use parametric statistical
techniques: Mean and standard deviation, Correlation – r, Regression, Analysis of variance, Factor
analysis plus a whole range of advanced multivariate and modeling techniques.
The most common examples of interval scales are scores obtained using objective tests such as
multiple-choice tests of achievement. It is widely assumed that each multiple-choice test item
measures a single point‟s worth of the trait being measured and that all points are equal to all other
points. However, such tests do not measure at the ratio level because the zero on such tests is arbitrary not absolute. To see this, consider someone who gets a zero on a multiple-choice final
examination. Does the zero mean that the student has absolutely no knowledge of or skills in the
subject area? Probably a score of zero only indicates that they know nothing on that test, “not that
they have zero knowledge of the content domain” (M.L., 1997)
We call a scale a ratio scale, if the admissible transformations are the form:
. It has the properties of an interval scale together with a fixed origin or
zero point.

9

Such transformations change the units and permit the researcher to compare both differences
in scores and the relative magnitude of scores. Transformation from kilograms into pounds involves
the admissible transformation
of ratios

hence, mass is an example of a ratio scale. Comparison

is meaningful for ratio scale (Roberts, 2009).

Actually, in the physical sciences and engineering measurement is done on ratio scales.
Mass, length, duration, energy, and electric charge are variables of physical measures that can be
used in ratio scales. Beside all the statistics permitted for interval scales, ratio scale allows finding
geometric mean, harmonic mean, coefficient of variation, logarithms too.
Beside mentioned scales, nominal scales are composed of sets of categories in which objects
are classified. A nominal scale is simply some placing of data into categories, without any order or
structure. This scale has no numeric significance. Even at this level, regression analysis is possible,
using dummy variables; for example, gender can be treated as a dummy variable equaling 0 for
subjects of male gender and 1 for subjects of female gender. They can be used either as an
independent variable in an ordinary least squares regression, or as dependent variables in the probit
or logistic regression (wikipedia, 2013).
Measurement theory encourages people to think about the meaning of their data and important
assumptions behind the analysis. Measurement theory draws a road map to provide meaningful
information about reality. If the target is obtaining to the qualitative research results, using the
necessary scale type will give us results that are more beneficial and reliable (Erguven, 2013).

1.4.

Classical Test Theory
The classical test theory (Gulliksen, 1950) is the earliest theory of measurement. The CTT is

referred to as the classical reliability theory because its major task is to estimate the reliability of the
observed scores of a test. (Suen, Principles of test theories, 1990). CTT aims at studying the
reliability of a (real-valued) test score variable (measurement, test) that maps a crucial aspect of
qualitative or quantitative observations into the set of real numbers (Steyer R. , 1999).
CTT is also regarded as the “true score theory.” The theory starts from the assumption that
systematic effects between responses of examinees are due only to variation in ability of interest. All
other potential sources of variation existing in the testing materials such as external conditions or
internal conditions of examinees are assumed either to be constant through rigorous standardization
or to have an effect that is nonsystematic or random (Van der Linden & Hambleton, 2004). The
10

central model of the classical test theory is that observed test scores (OT) are composed of a true
score (T) and an error score (E) where the true and the error scores are independent. If we were able
to administer the test to the same subject under all possible conditions at different times using
different possible items, we would have many different observed scores for that subject. The mean
of all these observed scores would be the most unbiased estimate of the subject‟s ability. This mean
is defined as the true score (Suen, Principles of Test Theories, 1990).
When the “observed score” of person n on item i is:

{

} then the

observed total score (e.g., person n‟s total score on occasion i) under condition of the person on the
scale of I items is:
(1.2)

∑

These variables are established by Spearman (1904) and Novick (1966), and best illustrated in
the following formula:
OT = T + E

(1.3)

The classical theory assumes that each individual has a true score, which would be obtained if
there were no errors in measurement. However, because measuring instruments are imperfect, the
score observed for each person may differ from an individual‟s true ability (Mango, 2009).
Nevertheless, examinee test scores and corresponding true scores will always depend on the
selection of the assessment tasks from the domain of assessment tasks over which their ability scores
are defined. Examinees will have lower true scores on difficult tests and higher true scores on easier
tests, but their ability scores remain constant over any tests that might built to measure the construct
. Of course over time, abilities may change because of instruction and other factors, but at the time
of an assessment, each examinee will have an ability score that is defined in relation to the construct
and it remains invariant (i.e. independent). (Ronald K. Hambleton, Russel W. Iones, 1993).
All test scores are subject to measurement error. Because of measurement error, scores from
alternate forms of a test, from one set of items to another, from one occasion to another, or, in cases
where scores depend on human raters, from one rater to another, will not be perfectly consistent. In
other words, scores on tests lack perfect precision due to the inevitable errors of measurement
(Beckstead, 2013) .
Theoretically, the standard deviation of the distribution of random errors for each individual
tells about the magnitude of measurement error. Usually, it is assumed that, the distribution of
random errors will be the same for all individuals. Classical test theory uses the standard deviation
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of errors as the basic measure of error. Usually this is called the standard error of measurement.
Small standard error of measurement tells that an individual score is probably close to the true score.
Standard errors of measurement are used to find confidence intervals around specific observed
scores (Kaplan & Saccuzzo, 1997). The lower and upper bound of the confidence interval
approximate the value of the true score (Mango, 2009).
Reliability coefficient and observed variance is used to determine SEM. Conﬁdence intervals
vary with reliability and observed variance is simply the variance of the observed test scores. When
reliability coefficient is known; it is possible to estimate error variance:
Error Variance= (Observed Variance)*(1-Reliability Coefficient), and it can be denoted as:
(1.4)

.

As the square root of a variance is a standard deviation, the square root of an error variance is
a standard error of measurement (SEM). As we can use any standard error to build confidence
intervals, we can use the SEM to build confidence intervals around an observed score (Suen,
Principles of test theories, 1990). Given a fixed value of sample standard deviation of test scores, the
higher the reliability of the test, the smaller the SEM (Ji Zeng,Adam Wyse, 2009). The conﬁdence
range is symmetric about the estimated true score.
Both reliability and validity are important in any assessment. Non-reliable and non-valid test
scores are simply meaningless numbers (Varma, 2013) . The alpha formula (Cronbach, 1951) is one
of several analyses that may be used to gauge the reliability (i.e., accuracy) of psychological and
educational measurements (Cronbach, L.J.; Shavelson, R.J., 2004).
Coefficient alpha can be considered as the lower bound to a theoretical reliability coefficient.
The general formula for coefﬁcient alpha is typically written as (Cronbach, 1951):

(

∑

(1.5)

*

where k refers to the number of items on the test,

refers to the variance of item i, and

refers to the variance of test scores on the test.
Classical test theory‟s reliability coefﬁcients are widely used in behavioral and social research.
Each provides an index of measurement consistency ranging from 0 to 1.00 and their interpretation
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(Webb, N.M.; Shavelson, R.J.;Haertel, E.H., 2006). A value of 0.7-0.8 is an acceptable value for
Cronbach‟s α; values substantially lower indicate an unreliable scale (Field, Reliability Analysis,
2005).

1.5.

Item Response Theory
Item Response Theory (IRT) is used in a number of disciplines including sociology, political

science, psychology, human development, business, and communications, as well as in education
where it began as method for the analysis of educational tests (Templin, 2012).
CTT was originally the leading framework for analyzing and developing standardized tests.
Since the beginning of the 1970‟s IRT has more or less replaced the role CTT had and is now the
major theoretical framework used in this scientific field (Wiberg, M., 2004). IRT was originally
developed in order to overcome the problems with CTT. IRT does not conflict with the main
principles that support the Classic Measurement Theory, bringing a new proposal of statistical
analyses, centered on each item without relieving the total scores.
Item Response Theory (IRT) in principle came to complete limitations of the Classical Test
Theory, which is widely used until nowadays in the measurement of psychological traits. The main
point of IRT is that the findings do not only depend on the test or questionnaire, but on each item,
that composes it.
IRT allows the user to specify a mathematical function to model the relationship between a
latent trait, θ, and the probability that an examinee with a given θ will correctly answer a test item.
Until the 1980s, IRT research focused largely on the estimation of model parameters, the assessment
of model-data ﬁt, and the application of these models to a range of testing problems using
dichotomously scored (yes/no,1or 0) multiple-choice items. Research on performance assessments,
polytomous response formats, and multidimensional traits began in earnest, as did work on
computerized adaptive testing. An outcome of this expanded focus was a host of new IRT models
that allowed researchers to tackle complex problems, not only in achievement testing, but also in
areas such as attitude, personality, cognitive, and developmental assessment. (Gierl, M. J; Bisanz ,J.,
2001).
Psychological properties also referred to as latent traits, such as being skilled in certain
content in the educational assessment, attitudes in relation to organizational change, stress levels,
depression levels, etc. are individual characteristics that cannot be observed directly Psychological
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properties led many researchers to develop models to find convenient information about the person
(E.P. Araujo,, D. F. Andrade, S. Bortolotti, 2009).
IRT is a model for expressing the association between an individual's response to an item and
the underlying latent variable (often called "ability" or "trait") being measured by the instrument.
(Reeve, 2002).

A Brief History of the Measurement Theory and IRT
Studies on measurements starts in 19th century, based in works of French and German
psychiatrists that verified the influence of mental diseases in motor, sensorial and behavioralcognitive skills and those of English researchers in the field of genetics; which highlighted the
importance of measuring individual differences with the use of well-defined methodologies.
The 20th century brought the contributions of Charles Spearman, who developed a
methodology and concepts that known as the Classic Theory of Measurements and Factorial
Analysis. Thurstone developed a statistical method of measurement named “Law of Comparative
Judgments”, which can be regarded as the principles for the construction of psychological scales that
are known as cumulative and unfolding mechanisms.
The first models for latent variables were presented in studies by Lawley, Guttman and
Lazarsfeld, which set the beginnings of the IRT. In the 1950s with the publication of Frederic Lord's
works was started formal development of the IRT. Parallel to Lord's studies, Georg Rasch (1940)
developed his own methods for Dichotomic models, and the model known as Rash Model.
Lord‟s unidimensional model with two cumulative parameters for dichotomic answers (right
or wrong), based on the normal distribution (normal arch). After that, he worked on 3-parameter
model and Birnbaum suggested the substitution of the normal arch function by the Logistic function
to improve the model. Later cumulative IRT models for polytomic, nominal or graded responses,
“such as Bock's Nominal Response Model, Samejima's Graded Response Model…” are improved
and had remarkable advances in several applications (E.P. Araujo,, D. F. Andrade, S. Bortolotti,
2009).

1.6.

Fundamentals of the Item Response Theory
The IRT offers mathematical models for the latent traits, proposing forms of representing the

relation between the likelihood of an individual responding correctly to a given item, his latent trait
and characteristics (parameters) of the items, in the studied knowledge field.
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IRT has the items as its central elements, not the tests, or the questionnaire as a whole; it
allows for a better analysis of each item that makes up the measure. Therefore, Item Response
Theory has the possibility of comparing between the latent traits of individuals of different
populations when they are submitted to tests or questionnaires that have certain common items and
allows for the comparison of individuals of the same population submitted to very different tests.
IRT finds the item that produces information throughout the scale.
IRT models are distinguished from each other in the mathematic form of the characteristic
function of the item and/or the number of parameters specified by the model. All the models can
contain one or more parameters related to the items and the individual.
IRT requires two relevant precepts: The characteristic curve of the item and the local
independence or dimensionality. The shape of a characteristic curve of the item describes how the
changes in the latent trait are related with the changes in the probability of a specific response.
Dimensionality consists of the number of factors responsible for expressing the latent trait.
The dimensionality can be verified through an adequate Factorial Analysis for categorized data
(E.P. Araujo,, D. F. Andrade, S. Bortolotti, 2009)..

Assumptions of the IRT Model
According to the Hambleton and Swaminathan (1985) 1-2-3 PL models all rely on three basic
assumptions;
1. Unidimensionality
2. Local independence
3. ICC, i.e. each item can be described with an ICC.

1.6.1. Unidimensionality:
Dimensionality consists of the number of factors responsible for expressing the latent trait.
Unidimensionality refers to the fact that a test should only measure one latent ability in a test. This
condition applies to most IRT models. The dimensionality can be verified through an adequate
Factorial Analysis for categorized data. . (E.P. Araujo,, D. F. Andrade, S. Bortolotti, 2009)
Unidimensionality can be investigated through the eigenvalues in a factor analysis. A test is
concluded to be unidimensional if when plotting the eigenvalues (from the largest to the smallest) of
the inter-item correlation matrix there is one dominant first factor. Another possibility to conclude
unidimensionality is to calculate the ratio of the first and second eigenvalues. If the ratio is high, i.e.
above a critical value the test is unidimensional. (Wiberg, 2004)
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As mentioned before the assumption of unidimensionality of subscales can be assessed
through an exploratory factor analytic method. There are many extraction methods used in factor
analysis, one of them is principal component analysis (PCA) (Smith, 2002). PCA identifies the
linear combinations of the variables that “best” capture the relationships among them with one
principal component being extracted for each variable in the data. PCA is used to examine two main
items: the percent of variance and the scree plot. The scree plot is a plot of the eigenvalues of each
factor. In determining unidimensionality of the subscale, the first factor must be clearly separated
from the other factors on the scree plot.

This demonstrates the presence of one dominant first

factor. In order to ensure acceptable item calibration, the percent of variance accounted for by the
dominant factor must be at least 20 percent (Reckase, 1979). (McBride, 2001)

1.6.2. Local Independence
Under the assumptions of local independence, responses to different items are unrelated for
subjects with an identical

. In general, the assumptions of unidimensionality and local

independence are equivalent in that when one assumption is met, the other is also met (Suen, 1990).
However, the assumption of local independency can be met without unidimensional data as long as
all aspects that affect the test results are taken into account (McBridge, 2001). In the local
independency assumption, responses for different items are not related. An item does not provide
any clue to answer another item correctly. If local dependence does exist, a large correlation
between two or more items can essentially affects the latent trait and it causes lack of validity. In the
following two figures, relations between examinee with

ability, (

and his/her responses to

different items (i1, i2, i3, i4) are represented within two situations: dependent and independent. In
figure 2, in response to a question, examinee has no chance to reply any item with help of other
item. Items are independent and they do not contain any hint among each other.

Figure 2: Illustration of independent items and subject.
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In the figure 3, test taker answers item 1 and item 4 with his/her knowledge and ability, but
item1 contains information to solve question 3 and item 4 gives clues to answer item 2. Therefore,
such questions should be eliminated, since they violate the local independence assumption of IRT.
Such questions are not adequate to estimate an examinee‟s ability accurately.

Figure 3: Illustration of dependent items and examinee.
The implication of the local independence assumption is that the probability of a collection of
responses (responses of one person to the items on a test, or the responses of many people to one test
item) can be determined by multiplying the probabilities of each of the individual responses. That is,
the probability of a vector of item responses, u, for a single individual with trait level

is the

product of the probabilities of the individual responses, , to the items on a test consisting of I
items.
|
where
trait level

|

∏

|

|

,

(1.6)

is the probability that the vector of observed item scores for a person with

|

has the pattern u, and

score of

|

|

is the probability that a person with trait level

obtains a

on item i. (Reckase, 2009, s. 13).

If the assumption of local independence is met, “joint distribution of item responses is equal to
the product of marginal distributions” (Lord, Novick, 1968, p.19), using likelihood notation this
product can be represented as below
|

.

∏

(1.7)

Since in the exam we have K subjects responding to N items, while the responses across items
are mutually independent, joint likelihood function is
|

∏

∏

.

(1.8)

This is the mathematical equation that computes the probability that we can obtain in a
particular response matrix, given that the subjects have abilities of
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and parameters of a, b, c; and

Therefore, higher b-values indicate more difﬁcult test items. Lower b-values indicate easier
items. Higher difficulty levels indicate that higher trait levels are required in order for participants to
have a 50/50 chance of answering the item correctly. For example, if an item has a difficulty of 1.5,
then an individual with a trait level of 1.5 (i.e., a trait level that is 1.5 standard deviations above the
mean) will have a 50/50 chance of answering the item correctly. If the individual‟s trait level is
slightly higher than the item‟s difficulty level, the probability that the individual will correctly
answer the item is slightly higher than 0.50 (Verne R. Bacharach, R. Michael Furr, 2007).
In an IRT analysis, trait levels and item difficulties are usually scored on a standardized
metric, so that their means are 0 and the standard deviations are 1. Therefore, an individual who has
a trait level of 0 has an average level of that trait, and an individual who has a trait level of 1.5 has a
trait level that is 1.5 standard deviations above the mean. Similarly, an item with a difficulty level of
0 is an average item, and an item with a difficulty level of 1.5 is a relatively difficult item. For an
item with a difficulty of 0, an individual with a high trait level (i.e., a trait level greater than 0) will
have a higher chance of answering the item correctly, and an individual with a low trait level (i.e., a
trait level less than 0) will have a lower chance of answering the item correctly.
To simplify the given information the empirical example and the following figure are given
here. The red curve represents an easy item because an ability value of only -2.0 is needed to have a
0.5 probability of answering correctly. The black curve represents a hard item because an
examinee‟s ability must be high to answer the item correctly. In the bottom figure difficulty
parameter corresponds to the ability level associated with a 0.5 probability of answering an item
correctly. However, this relationship between examinee and probability of a correct answer will vary
according to the particular IRT model adopted.

Figure 4: Distinct difficulty parameters for different items.
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Discrimination Parameter “a”
The “a” parameter (also called the discrimination parameter) represents the slope of the ICC
at the value of the location parameter and indicates the extent to which the item is related to the
underlying construct. A steeper slope indicates a closer relationship to the construct and therefore a
more discriminating item (Maria Orlando Edelen, 2007). The item with the higher discrimination
value draws a sharper distinction between individuals who have different trait levels.
In the following figure item which is represented as blue curve discriminates poorly between
high and low-ability examinees since the probability that an examinee will choose the correct item
response is nearly the same across all levels of ability.
Second item which is represented as red curve discriminates well between high and lowability examinees. The curve is steeper and clearly examine with high ability level can answer the
item as correct.

Figure 5: Low discrimination is illustrated in upper curve and high discrimination is represented in
lower curve.

Guessing Parameter “c”

The guessing parameter c is a lower asymptote. It is the low point of the curve as it moves to
negative infinity on the horizontal axis. The item discrimination parameter determines how rapidly
the curve rises from its lowest value of c. The parameter c has a theoretical range of

, but

in practice, values above 0.35 are not considered acceptable. Under a three-parameter model, the
numerical value of the guessing parameter c is interpreted directly since it is a probability.
The a parameter is found by taking the slope of the line tangent to the ICC at b, The theoretical
range of the values of this parameter is

, but the usual range seen in practice is -2.80

to +2.80 (Baker, 2001).
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In the below figure blue curve represents an item that includes the guessing parameter
(c=0.25; this means that probability of guessing this item correct is approximately 0.25) in the
model, red curve shows an item which has no guessing parameter.

Figure 6: Upper blue item with guessing parameter and lower red item without guessing parameter
are showed in figure.

1.7.

IRT Models

IRT models are distinguished from each other in the mathematic form of the characteristic
function of the item and/or the number of parameters specified by the model. All the models can
contain one or more parameters related to the items and the individual.
The main distinction between IRT models refers to the assumption about the relation between
the answer choices of a question and the level of the latent trait. There are two types of response
process: the cumulative type and the unfolding type. Cumulative and unfolding models were
developed for “Dichotomic” or binary data and “Polytomic”, nominal or graded, parametric and
non-parametric models, unidimensional and multidimensional models.

Cumulative Models
The cumulative models of the IRT are models in which the probability of an individual
giving or choosing a correct answer to an item increases as their latent trait increases, i.e., higher
levels of latent trait lead to a higher probability of correct answers, resulting in a monotonic
behavior in the ICC.

Unfolding Models
The unfolding models of the IRT are based on response processes of non-monotonic ideal
points that were described by Coombs and Thurstone. In this model the probability of an individual
to respond to an item is a function of the distance between the parameters of the individual and the
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1.7.2. Two Parameter Logistic (2PL) and Three Parameter Logistic (3PL) IRT
Models
Let uij, i=1,…,I and j=1,…,n, be Ixn binary random variables, where i indicates an item and j
a subject. uij=1 if subject j solves item i, otherwise uij=0. The probability that a subject j with ability
parameter θj solves item i with difficulty parameter bi is given as 3PL Model as shown below:

(

|

)

(

)

,

(1.9)

where ξi=(ai, bi, ci) are the parameters of item i, 0 ≤ ci < 1 and ai>0 (Birnbaun, 1968). The vertical
bar in this statement indicates that this is a “conditional” probability. The latent continuous θ is
called the ability, and the θj is the ability of j-th subject. If in the above equation ci = 0, then there is
no possibility of having random correct answers and the resulting model is called the
unidimensional two parameter logistic model or Birnbaum's model. Setting ai = a and c = 0 in the
same equation, we obtain the unidimensional one parameter logistic model, also called the Rasch
Model (1961). (Edilberto Cepeda Cuervo & Jose Manuel Pelaez Andrade, 2004)
Beside 2PL and 3PL IRT Models Barton and Lord (1981) introduced an upper asymptote
parameter, expressed by the lowercase d, into the 3PL model, resulting in the 4PL model.
ranges from c to the upper asymptote parameter d:
.

(1.10)

Beside these models many other alternative models exist, and even more can be imagined.
Any mathematical function that maps a single variable describing examinee capabilities into
numbers that range from 0 to 1 can be used as an UIRT model. Linear functions (Lazarsfeld 1966),
polynomial functions (McDonald 1967; Samejima and Livingston 1979; Sympson 1983), spline
functions (Abrahamowicz and Ramsay 1992), and normal ogive functions (Lord and Novick 1968)
have been used (Reckase, 2009).

Polytomous IRT Models:
As it is mentioned, items that are scored in two categories (right/wrong; 0/1) are referred to
as dichotomously scored items while other items are scored in multiple-ordered categories are called
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as polytomously scored items. Multiple-choice and short constructed-response items are
dichotomously scored. Beside them there also exist different types of examinations which contain
distinct types of items like open ended physics or mathematics questions, essays or responses of
several questionnaires etc. New models were developed for such item systems. Polytomous IRT
models were generalization of dichotomous IRT models. Graded Response Model (Samejima 1969,
1972); Partial Credit Model (Masters, 1982; Kang, T. &Chen, T.T., 2007) and Generalized Partial
Credit Model (Muraki, 1993) greatly used three polytomous models are.

1.8. Relationships between CTT Item Statistics and UIRT Parameters
Lord (1980; Lord & Novick, 1968) proposed formulas that link the item difficulty and item
discrimination indices of the CTT and the two-parameter IRT model under the conditions that
ability is normally distributed and there is no guessing.

1.8.1. Item Parameters Approximation Method “Lord and Novick (1968)”
In 1968 Lord and Novick introduced formulas that represents the relation among the biserial
correlation coefficient, which is “the relation between the total score and the hypothetical score on
the continuous scale underlying the dichotomous item” (Suen, H. K., 1990), item difficulty and item
discrimination indices of the Classical Test Theory and the parameters of IRT model. If the biserial
correlation coefficient between the dichotomized normally distributed responses to item j and
normally distributed continuous variable
√

Since

is

.

(1.11)

is unknown yet it is not possible to use

, instead the biserial correlation

)

“measure of association” (Lord, F. M.; Novick, M. R., 1968) between the responses to item j and
observed test score can be used as approximation of

; therefore discrimination

can be approximated by

parameter
√

.

(1.12)

“While there is no guessing on item j, and because we have only sample information, we can
express the relationship between the traditional item difficulty index and the item‟s location as
(Lord, 1952, 1980; Tucker, 1946)
(1.13)
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who have answered the item correctly, the more difficult the item is. (K. Wauters, P. Desmet, W.
Van Den Noortgate, 2010)

Model Fit
A given IRT model may or may not be appropriate for a particular set of test data; that is, the
model may not adequately predict or explain the data. In any IRT application, it is essential to assess
the fit of the model to the data (Hambleton, R.K.; Swaminathan, H,; Rogers, H. J., 1991)
Item parameters are invariant across samples of examinees but they are variable across the
IRT models. According to the different (1-2-3 PL) models parameters can differ. Hence, choosing
appropriate model is important.

statistic (Stone,C. A; Zhang B., 2003) can be used to determine

how adequately the selected IRT model fits the data..
If many items fail to yield well-fitting item characteristic curves, there may be reason to
suspect that the wrong model has been employed. In such cases, re-analyzing the test under an
alternative model, say the three-parameter model rather than a one-parameter model may yield
better results. (Baker, 2001)

1.9.

Invariance of Abilities (θ) & Item Parameters (a, b, c)
“Item response theory models have the property of invariance for item and ability parameters

given the model fit to the test data of interest (Hambleton & Swaminathan, 1985)”
The features of invariant item parameters are primarily desirable in maintaining an item pool
and linking test scores on alternate forms, which makes IRT widely used for a variety of purposes,
such as test equating, score scaling, and computerized adaptive testing (Li, 2008).
Ability estimates obtained from different item samples for an examinee will be the same
except for measures errors (Hambleton, 1982). Invariance of abilities can be easily shown with
comparison of ability of examinees based on different sets of items. If the model fits, between
different item samples, within the same test, ability estimates should be close to each other.
According to (Hambleton, R.K.; Swaminathan, H,; Rogers, H. J., 1991) “item parameter
estimates obtained in different groups of examinees will be the same (except for measurement
errors)” (Li, 2008). From the invariance of item parameters point of view, data can be divided as
high and low ability groups; or with respect to their gender or their ethnicity. When the model fits,
different examinee samples should still produce very similar almost same item parameter estimates.
UIRT models have many applications and advantages but real interactions between
individuals‟ latent traits and test items are not as simple as depicted by these models. From the
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psychological point of view it is clear that examinees use more than a single ability to find and
determine correct answer of an item.

1.10. Comparison of CTT and IRT Models, Advantages and Disadvantages:
Benefits obtainable through the application of classical test models to measurement problems
include:
1. Smaller sample sizes required for analyses (a particularly valuable advantage for field
testing).
2. Simpler mathematical analyses compared to item response theory.
3. Model parameter estimation is conceptually straightforward.
4. Analyses do not require strict goodness-of-fit studies to ensure a good fit of model to the
test data (Hambleton, R.K; Jones, R.W., 1993). Beside these properties CTT has several limitations.


The most challenging critique of many applications of CTT is that they are based on rather

arbitrarily defined test score variables. If these test score variables are not well chosen any model
based on them is not well-founded, too. In most applications, the decision how to define the test
score variables “Yi” on which models of CTT are built is arbitrary, to some degree. It should be
noted, however, that arbitrariness in the choice of the test score variables cannot be avoided all
together. Even if models are based on the item level, such as in IRT models, one may ask “Why
these items and no other ones”? Whether or not a good choice has been made will only prove in
model tests and in validation studies. This is true for models of CTT as well as for models of
alternative theories of psychometric tests (Steyer, 1999).


Another limitation of classical test theory is that scores obtained by CTT applications are

entirely test dependent and unfortunately p and r statistics are dependent on the examinee sample
from which they are obtained. Among the greatest advantages of the IRT over the CTT are: the
possibility of comparing between the latent traits of individuals of different populations when they
are submitted to tests or questionnaires that have certain common items; it also allows for the
comparison of individuals of the same population submitted to totally different tests; this is possible
because the IRT has the items as its central elements, not the tests or the questionnaire as a whole; it
allows for a better analysis of each item that makes up the measure (E.P. Araujo,, D. F. Andrade, S.
Bortolotti, 2009)


IRT models based on an explicit measurement models. A major limitation of traditional

assessment frameworks is the assumption that measurement precision is constant across the entire
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trait range. IRT models, however, explicitly recognize that measurement precision may not be
constant for all people (R.C, Fraley; Waller, N.G; K.A., Brennan, 2000).


Classical test models are often referred to as "weak models" because the assumptions of

these models are fairly easily met by test data. (Though, it must be mentioned that, not all models
within a classical test theoretic framework are "weak." Models such as the binomial test model,
which are based upon a fairly restrictive assumption about the distribution of error scores, are
considered "strong models.") Item response models are referred to as strong models too (Hambleton,
R.K; Jones, R.W., 1993).


IRT and the CTT person parameters are highly comparable and also that item difficulties and

item discriminations are very comparable. This comparability is defined by Courville (2005), Fan
(1998) and MacDonald and Paunonen (2002) too.


Accordingly, within the CTT framework, the question of model validity is almost never

addressed (Progar,Š.; Sočan,G., 2008).


The combination of Computerized Adaptive Testing (CAT) and IRT provides several

advantages. Item banks contain information on the wording of each item, the concept it measures,
and its measurement characteristics according to a measurement model. Most CAT-based
assessments utilize a set of statistical models building on IRT to select items and to score the
responses. By selecting the most appropriate items for each person, assessment precision are
optimized for a given test length and irrelevant items can be avoided.
Assessment precision can be adapted to needs of the specific application. For example, for a
diagnostic purpose precision should be high for scores close to diagnostic cut-points, or test
precision could be set high over all the score range for purposes of follow-up of individuals. At the
end of the assessment, the respondent can be given a score immediately, along the guidelines on
how to interpret the score (Bjorner,J.B.; Kosinski,M.;Ware, J.E., 2004).

Main Differences between CTT and IRT Models
In this chapter fundamental differences of both theories are described. These base distinctive
attributes are presented in table 3.
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An important distinction between IRT and CTT is that IRT deﬁnes a scale for the underlying
latent variable that is being measured by a set of items, and items are calibrated with respect to this
same scale. This is why IRT is said to have a „„built-in‟‟ linking mechanism

(Edelen,M.O;

Reeve,B.B., 2007). In particular, the focus on estimating an ICC for each item provides an
integrative, holistic view of the performance of each item that is not readily available when using
CTT-based methods to develop or examine a test.
(CTT) can measure the difficulty level and discrimination power of any item; they have been
generally recognized as sample dependent (Li, 2008).
IRT models consist of invariance of ability and item parameters. Examinee trait (ability)
level estimates do not depend on which items are administered, and in turn, item parameters do not
depend on group of examinees.
Whereas in CTT a single number (e.g., the internal-consistency reliability coefficient, or the
SEM based on that reliability) would be used to quantify the measurement-precision of a test, a
continuous function is required in IRT to convey comparable data, given that in the IRT approach, a
test need not be assumed to possess a constant degree of measurement-precision across the entire
possible range of scores (Harvey & Hammer, 1999).

1.11. Multidimensional Item Response Theory
Multidimensional item response theory (MIRT) is the result of the convergence of ideas from
psychology, education, test development, psychometrics, and statistics. MIRT is a special case of
IRT that is built on the premise that the mathematical function includes as parameters a vector of
multiple person characteristics that describe the skills and knowledge that the person brings to a test
and a vector of item characteristics that describes the difﬁculty of the test item and the sensitivity of
the test item to differences in the characteristics of the persons. MIRT also has a long history, going
back to the work of Darrel Bock, Paul Horst, Roderick McDonald, Bengt Muthen, Fumiko
Samajima, and others starting in the 1970s (Reckase, 2009,p.5)
Graphically, there are three characteristics of the unidimensional three-parameter IRT model,
which can be depicted using item response functions (IRFS): difficulty, discrimination, and
guessing. Extending these concepts to the multidimensional case becomes complicated, partly
because two-dimensional IRFs are actually item response surfaces (IRSs), but also because within a
multidimensional framework an additional attribute must be considered for each item-the composite
of multiple traits the item measures best. Graphs of the model for the two-dimensional case clearly
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The inappropriate application of a unidimensional model to multidimensional data has
potentially serious implications. The inferences are likely to be invalid, possibly resulting in
respondents who have mastered the subject matter being denied credit for having done so, or
respondents who have failed to master the subject matter being given credit when no such credit is
due. These false pass/fail decisions have a detrimental effect on the respondents themselves, and can
threaten the credibility of the testing instrument (Spencer, 2004).
In general, unidimensional estimates from multidimensional data have been difficult to
interpret and have not reflected well the original characteristics of the data. Researchers who have
used multidimensional IRT analysis (e.g., McKinley, 1983; McKinley & Reckase, 1983a, 1983b,
1984; Muraki & Engle- hard, 1985) have indicated that a multidimensional model more adequately
describes both real and simulated multidimensional data than does a unidimensional model.
However, because most of the simulation studies have not used replications, the stability of the
estimates is difficult to determine. It is necessary to know how consistently these estimates are
recovered. Consider the situation in which items for a test are designed to measure one trait (e.g.,
mathematics ability) but require some amount of a second trait (e.g., verbal ability) for the examinee
to respond correctly. This second required trait could be more crucial to success for some examinees
than others. Students of English as a second language (ESL) may have sufficient mathematics ability
but lack the required amount of verbal ability to respond correctly. It is reasonable to assume that
the two traits are correlated. Therefore, it is appropriate to evaluate the effects of both correlated
traits and a secondary trait, which is restricted in its distribution, on parameter estimation
(Batley,Rose M; Bross,Marvin W., 1993)
A collection of mathematical models that are useful for describing the interactions between
persons and test items differ from many of the other IRT models in that they posit that multiple
hypothetical constructs influence the performance on test items instead of only one hypothetical
construct. Therefore, they are labeled MIRT models (Reckase et al. 1988). MIRT methodology
developed in response to a realization that psychological and educational processes are very
complex. This complexity became evident through the findings from many years of research.
According to Reckase (2009) MIRT model deﬁnes mathematical functions that are used to
relate the location of a person in a multidimensional Cartesian coordinate space (cognitive space), to
the probability of generating a correct response to a test item. The development of the mathematical
function is based on a number of assumptions.
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The ﬁrst assumption is that the location of the persons being assessed does not change during
the process of taking the test. The second assumption is that the characteristics of a test item remain
constant over all of the testing situations where it is used but observed statistics used to summarize
item performance will not remain constant. The difﬁculty of the item has not changed, but the
difﬁculty has a different representation because of differences in the examinee sample. A third
assumption is that the responses by a person to one test item are independent of their responses to
other test items. This assumption is labeled “local independence”.
A fourth assumption is that the relationship between locations in the multidimensional space
and the probabilities of correct response to a test item can be represented as a continuous
mathematical function. A ﬁnal assumption is that the probability of correct response to the test item
increases, or at least does not decrease, as the locations of examinees increase on any of the
coordinate dimensions. This is called the “monotonicity” assumption and it seems reasonable for
test items designed for the assessment of cognitive skills and knowledge.
MIRT models probabilities of responses rather than the actual responses. The basic form of
the models considered here is:
,

|

(1.16)

where U is the score on the test item for a particular person, u represents the value of the assigned
score from among the possible scores to the test item,
location of the person in the multidimensional space, and

is a vector of parameters describing the
is a vector of parameters describing the

characteristics of the test item (Reckase, 2009, pg.60).
1.11.1. Maximum Marginal Likelihood Method for Determining the Number of

Dimensions
All of the methods assume a conventionally scaled multiple factor model in d -dimensions for
item j , j =1,2,…n :
.

∑

(1.17)

The latent variable “Өk” is independent normal with means 0 and variance 1, and εj is
independent normal with means 0 and variance:
∑

.

(1.18)

MIRT model provides estimates of the conditional probability of correct response given the
coordinates Ө= Ө1, Ө2… Өm for the m-dimensional space, where m is the number of dimensions
used to model the data. The MIRT model is assumed to be a continuous probability function relating
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the location specified by Ө to the probability of correct response to a test item i with specified
structural parameters (Anyu Zhang, Xiaoyao Xie, Fang Li, 2010). The convergence of ideas from
IRT and factor analysis performed the methodology of MIRT (Bock & Aitken (1981)).
MIRT Models for Dichotomously Scored Test Items
Some of the stimulus for the development of MIRT came from attempts to addressing the problem
of factor analyzing dichotomous data. For that reason, MIRT models for dichotomous items have
appeared in the research literature since the 1980s (e.g., Bock and Aitken 1981). Because of the
importance of this early work, the MIRT models for dichotomous items (those with two score
categories) are presented ﬁrst, beginning with the model that is an extension of the two-parameter
logistic UIRT model (Reckase, 2009, pg.85).
There are two main types of MIRT models that are used to describe dichotomously scored
item response data: the compensatory model and non-compensatory model. The types are defined
by the way the information from a vector of -coordinates is combined with item characteristics to
specify the probability of responses to the item. One type of model is based on a linear combination
of -coordinates. That linear combination is used with a normal ogive or logistic form to specify the
probability of a response. The linear combination of
various combinations of -values. If one

-coordinates can yield the same sum with

-coordinate is low, the sum will be the same if another -

coordinate is sufficiently high. This feature of this type of model has been labeled as compensation
and models with this property are typically called compensatory models to emphasize that property.
(Reckase, 2009, s. 79).
In the non-compensatory model, there is a discrimination and difficulty parameter for each
dimension. Because the terms in the model are multiplicative, the overall probability of correct
response is bounded by the smaller probability for any one dimension. Having high trait level on one
dimension does not compensate for having low trait level on another dimension (Ackerman, 1996).
According to Knol and Berger (1991), efficient algorithms for estimation of the item parameters in
noncompensatory model are not available yet. Hence all MIRT estimation programs use only the
compensatory model.

Compensatory Model
1.11.2.

Multidimensional Extension of the Two-Parameter Logistic (M2PL)

Each dimension modeled in MIRT can have the same parameters as the 1-PL, 2-PL, or 3-PL
IRT models. MIRT models relate examinee abilities (on two or more traits) to the probability of a
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correct response through the item characteristic surface. The item characteristic curve in the IRT
models is replaced by an item characteristic surface in MIRT model. Instead of discrimination
parameter of IRT, multiple discrimination parameter (MDISC) is used and it represents the
multidimensional slopes of the surface in different directions within MIRT model.
One way of extending the two-parameter logistic model to the case where there are multiple
elements in the -vector is to replace the simple slope/intercept form with the expression
where a is a 1xm vector of item discrimination parameters and

,

is a 1xm vector of person

coordinates with m indicating the number of dimensions in the coordinate space. The intercept term,
d, is a scalar. The form of the multidimensional extension of the two-parameter logistic (M2PL)
model is given by:
(

|

(1.19)

)

The exponent of e in this model can be expanded to show the way that the elements of the a
and

vectors interact.

∑
The exponent is a linear function of the elements of

(1.20)

with the d parameter as the intercept

term and the elements of the a-vector as slope parameters. The expression “in the exponent” deﬁnes
a line in the m-dimensional space (Reckase, 2009, pg.86).
In the standard forms of the models,
is from

to

values change between -4 and +4, but the actual range

for each coordinate dimension. The zero point and unit of measurement for each

coordinate dimension is arbitrary. The values of these features of the s are usually constrained to
be the mean and standard deviation of the sample ﬁrst used to calibrate a set of test items, but they
can be transformed to match other characteristics of the sample of examinees or the characteristics
of the items. The a-parameters indicate the orientation of the equiprobable contours and the rate that
the probability of correct response changes from point to point in the

space. This can be seen by

taking the ﬁrst partial derivative of the expression (1.19) with respect to a particular coordinate
dimension,
(

. To simplify the presentation of the results:
|

(1.21)

)

(1.22)
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This result shows that the slope of the IRS parallel to a coordinate axis has the same form as
for the two-parameter logistic model. The slope is greatest, ⁄

, when the probability of correct

response is .5. Because the a-parameters are related to the slope of the surface and the rate of change
of the probability with respect to the coordinate axes, the a-parameter is usually called the slope or
discrimination parameter.
The probability of correct response for a test item is 0.5 when the exponent in equation
(1.19) is equal to zero. When the exponent of e is 0, the exponent takes the form

. This

equation is the expression for the line in the -space that describes the set of locations in the space
that have a 0.5 probability of a correct response. If all of the elements of
say

, then the point where the line intersects the

-axis is given by

are equal to 0 except one,
⁄

. This is usually

called the intercept of the line with that axis. For that reason, d is usually called the intercept
parameter (Reckase, 2009, pg.89). d represents the distance between the origin of the mdimensional trait space and the point in the space at which the item information is a maximum. The
line joining this point to the origin is at an angle of

to the kth trait dimension where:

⁄ .

(1.23)

Therefore the d-parameter is not a difﬁculty parameter in the usual sense of a UIRT model
because it does not give a unique indicator of the difﬁculty of the item. Instead, the negative of the
intercept term divided by an element of the discrimination parameter vector gives the relative
difﬁculty of the item related to the corresponding coordinate dimension.
Reckase & McKinley (1991) defined a multidimensional discrimination parameter for item i
as:

[∑

]

⁄

.

(1.24)

Reckase (1985) and Reckase & McKinley (1991) also defined a multidimensional item
difficulty parameter, Di as:
⁄ .
(1.25)
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1.12. Meaning of Dimensionality in CTT, IRT and MIRT
Unidimensionality and Internal Consistency in CTT
In the classical test theory, the reliability coefﬁcient Alpha is used to investigate the internal
consistency of the test, and generally high value is considered as an indicator of unidimensionality.
A possible contributor to the confusion is the widespread misunderstanding about the related
yet distinct concepts of internal consistency and unidimensionality. Unidimensionality is a subset of
consistency. If a test is unidimensional, it will show internal consistency. But if a test is internally
consistent, it does not necessarily entail one construct (Gardner, 1996).
Hence, it is important to underline the order of implementation steps in determination of
reliability process. First, coefficient alpha is useful to estimate reliability in a particular case: when
item-specific variance in a unidimensional test is of interest. Second, if among a set of items the
existence of unidimensionality is presented, therefore, the computation of Cronbach‟s alpha for the
scale is justifiable and interpretable (Sharkness, J.; De Angelo, L., 2010).

Dimensionality in IRT and MIRT
The detection of dimensionality is a crucial issue in IRT and in latent variable modeling. Many
IRT models are based on the assumption of unidimensionality, which refers to the presence of a
single latent ability. Especially when a test contains mutually exclusive subsets of items or when the
underlying dimensions are not highly correlated, the use of a unidimensional model can bias the
parameter estimation and the trait administration.
Violation of the assumption of unidimensionality may affect the further assumption of local
independence, which is valid only when the complete latent space has been speciﬁed. For this
reason, many researchers tried to develop methods for the detection of dimensionality.
Among others, exploratory factor analysis (EFA) is used intensively in order to detect the
dimensionality of a test structure. Often in educational testing, the plot of eigenvalues shows only
one dominant factor, which accounts for a small percentage of variability. Although exploratory
factor analysis and Item Response Theory seem to be very different models of binary data, they can
provide equivalent parameter estimates of item difficulty and item discrimination. Tetrachoric or
polychoric correlations of a data set of dichotomous or polytomous items may be factor analyzed
using a minimum residual or maximum likelihood factor analysis and the result loadings
transformed to item discrimination parameters. The tau parameter from the tetrachoric/polychoric
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correlations combined with the item factor loading may be used to estimate item difficulties
(Rewelle, 2013).
Despite all the efforts in detecting the correct dimensionality of a test, a single and effective
statistical procedure is not available yet, due to the latent nature of the phenomenon and the
impossibility of comparison with observed results. Nowadays, testing is also oriented towards the
evaluation of multiple competencies and the use of multidimensional models has become very
important. The contemporary presence of more than one latent trait increases the complexity of the
model but allows a deeply investigation of the data structure

(Matteucci,M.;Mignani,S.;

Veldkamp,B.P., 2009).

1.13. Factor Analysis and IRT
“Factor analysis (FA) is a measurement technique that is most often used to explain observed
correlations among a set of items by means of a smaller set of latent constructs, or factors (Brown,
2006; McDonald, 1999). Although factor analysis is used less often than CTT or
IRT in traditional testing applications, this measurement framework has some applicability for
testing. For a unidimensional test, the model for item j is given by
,
where

is the item‟s intercept ,

score, and

(1.26)
is the item‟s factor loading, θ is the examinee‟s latent factor

is a unique factor, consisting of specific and error components. For an FA model

applied to test data,

is an indicator of item j‟s difficulty, and

discrimination. The value

is an indicator of the item‟s

can be conceptualized as the expected value of

, given the

examinee‟s factor score. Equation (6) can easily be generalized for multidimensional models by
adding additional factor scores and loadings. Although multidimensional IRT models have been
developed, at the present time it is far easier to test multidimensional models using commerciallyavailable software in the context of factor analysis.
Common ground between factor analysis and item response theory has been well documented
(e.g., Brown, 2006; Kamata & Bauer, 2008; McDonald, 1999; Wirth & Edwards, 2007). Every
parameter in a 1-PL or 2-PL IRT model can be represented in an approximately equivalent manner
in a factor analytic model. The transformations that are discussed next have been demonstrated in
Brown (2006). It is quite easy to transform parameter estimates from one measurement framework
to another. To convert FA parameters into IRT parameters, the IRT a parameter is computed,
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,

√

(1.27)

and the b parameter is computed,

,

(1.28)

where is an estimated threshold parameter.
A 2-parameter logistic IRT model is equivalently represented in factor analysis by a model
with all items loading onto a single latent construct. A 1-parameter logistic IRT model is
equivalently represented in factor analysis with the additional requirement that loadings be
constrained to equality.” (Clark, 2010).

1.14. Factor Analysis and MIRT
MIRT may be considered as either a special case of multivariate statistical analysis, especially
factor analysis or structural equation modeling, or as an extension of unidimensional IRT. These
two conceptualizations of MIRT color the way that the methodology is applied and the way that the
results of MIRT analyses are interpreted. (Reckase, 2009, s. 63)
Factor analysis and MIRT have virtually identical statistical formulations when they are
applied to matrices of item responses. The differences:


Factor analysis is thought of as a data reduction technique. The goal is usually to ﬁnd
the smallest number of factors that reproduces the observed correlation matrix. MIRT
is a technique for modeling the interaction between persons and test items. Thus,
MIRT is a method for modeling the meaningful contributors to the interactions of
people with test items.



Second, factor analysis typically ignores the characteristics of the input variables while
MIRT focuses on them. On the one hand, newer versions of factor analysis, such as
structural equation modeling, do consider means, variances, and covariances, but not
for the purpose of getting a better understanding of the input variables. MIRT, on the
other hand, focuses on the differences in means and variances of the item scores
because they are directly related to important characteristics of test items such as
difﬁculty and discrimination. Finally, MIRT analyses actively work to ﬁnd solutions
that use the same latent space across tests and samples.
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1.15. Quality Control by Detecting Dimensionalities of a Course
Quality is a priority issue in higher education. According to Mahoney, G. (2010) from the
quality point of view, first, higher education should be a transformative process that supports the
development of graduates who can make a meaningful contribution to wider society, local
communities and to the economy. Second, any discussion around quality needs to be evidenceinformed (Gibbs, 2010).
It is well known that teaching is the core of education. In general, educational institutions
focus to enhance the quality of teaching. Efficient management of teaching-learning conditions
increases the quality of education. (Mishra, 2007) implies that higher education institutions have
three sub-systems, those are input, transformation and output. Mainly inputs to the system are
defined as students and teachers, a part of the transformation sub-system consists of the educational
process and activities with respect to the curriculum, and employable graduates are outputs of the
system. Effective teaching combines the principals of good classroom management, organization,
effective planning, and the teacher‟s personal characteristics (Stronge, 2013). If a teacher follows
mentioned essences, and has adequate knowledge and skills, he/ she would be able to provide
required, accomplished education in the system. Beside those principals, proficient educator should
follow the international standards on the assessment process too. Effective teacher gives various
assessments on a regular basis. If a teacher is good at explaining the necessary materials and has a
strong knowledge in a particular subject, based on this subject examinations and assessments should
reflect truly the performance of a students and “teacher”.
Knowledge is a continuously moving concept as once it is mastered it becomes a catalyst for
further knowledge discovery (Hampson-Jones, 2011). As lecturers, we are responsible for providing
an excellent teaching continuum by well-prepared curriculum plans, sufficient and convenient
sources, and well-organized assessment methods to achieve accomplished program outcomes in
support of students‟ overall educational aims. Because assessment is among vital components of
effectiveness and adequateness of teaching and learning, the institution should check and support the
quality of assessment.
Generally higher education institutions use student questionnaires at the end of the course to
evaluate teaching quality. While students‟ opinions are important and should be included in the
assessment of quality, it is obvious that quality of teaching should be explained by different tools
based on the meaningful reasons too. For instance, if the group of students in general showed low
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performance in any assessment test and while their performance is similar in the other assessments if
in a new course ability of them increased significantly, that situation should be questioned. In the
light of above mentioned bases, from the pedagogical point of view, there should be various reasons
of that result. If an instruction was not well-organized and transferred knowledge given by instructor
was not adequate and the questions in examination were easy, the adverted result is unavoidable.
When we think about opposite situation it would be similar reasons to explain the situation. In both
cases the real ability level of pupils cannot be represented truly. Therefore, assessment tools,
examinations should be controlled and enhanced to provide eligible and qualitative education.

1.16. Purpose of the Study
Target of our study is based on the meaningful, reasonable evidences, to identify the quality
of a course with respect to its prerequisites (previously given parallel courses, i.e. prerequisites of
statistics can be linear algebra, calculus and measure theory). Those prerequisites “preexaminations” are considered as dimensions of an actual examination. The idea is that an actual
examination can be conceived as reflection of “a part of” pre-gained knowledge. There should be a
meaningful relation between prerequisites and currently going on course “actual course”. If actual
examination‟s questions are solvable based on the pre-gained abilities and new abilities, this case
should be the gauge of adequate transformation of new knowledge and satisfactory combination of
pre-gained and ongoing acquired knowledge. Such kind of exam is multidimensional. One
dimension is current course based actual examination; other dimensions are prerequisite courses
based prerequisite examinations. For instance, if a statistics course is based on weak knowledge,
such as finding standard deviation, calculating covariance and correlations among several variables,
such kind of lecture will not require high level of ability, it decreases the quality of education and
measures only one simple dimension (ability of usage of four arithmetical operations). Well
prepared and taught statistics course should contain knowledge from calculus, linear algebra, and
measure theory too. Such lecture increases capability of students and forces them to answer higher
level questions, and reflects the previous knowledge which can be determined as gained background
abilities. Hence, quality of education is enhanced.
As it is mentioned before, each of ability (latent trait) is represented by one dimension in the
Item Response theory framework and to evaluate distinct latent abilities of examinees in a test
MIRT models (Reckase, 2009) are developed. Multidimensional models can be classified as either
“within items” or “between items” (Adams, Wilson, & Wang, 1997). Within-items
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multidimensional models have items that can function as indicators of more than one dimension, and
between-items multidimensional models have subsets of items that are mutually exclusive and
measure only one dimension (Osteen, 2010).
In both cases while different abilities are combined in a single test, goal is to identify real
ability of a student with respect to all those dimensions in MIRT framework. Here we focus on
dimensionality detection from the different point of view. In this study we consider a current test as
a mirror of prerequisites, and we try to define dimensions of a test with respect to those
prerequisites. Our proposal is that, if the teaching and consequently assessment in a course is
multidimensional, integrated, and consequently demonstrated by the student over a sustained period
of time then we can talk about effective and satisfactory education cycle. Since abilities or test
scores of individuals are normally distributed in the previously mentioned all measurement theory
models, it is possible to use any of them to determine ability of examinees for our target. Therefore,
for simplicity test scores of the students are used for ability determination.
Eventually, based on the reasonable evidences, determining dimensions of actual course to
identify the quality of a course is aimed. In this context, different examinations are generated and
detected. Uncorrelated, low and high correlated prerequisites, ill-conditioned examinations are taken
into consideration. Based on the experts‟ opinions pattern model is designated. Using multivariate
data analysis methods contributions of each of the prerequisites is determined as impact of the
internal dimensionality in actual course. Principal components are determined with respect to
singular value decomposition. Comparison of the pattern model and actual model is done,
convenient acceptance level of the actual model for each of dimensions is described, and
admissibility level of the total impact of the internal dimensions of actual exam is determined.
Closeness of these models is used as evidence of dimensionality and results of the analyses used as
hints for the interpretation of the quality of education process.
In this context, objectives of the research are determined below:


Determination of conception of internal dimensionalities ;



Designing of mathematical model of internal dimensions and their impact on an actual
examination;



Theoretical definition and evaluation of coefficients of regression on principal components and
estimation of contributions of the internal dimensions factors.
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Estimation of regression coefficients of mathematical model of internal dimensions by
Conditional Distribution Methodology and Multivariate Regression Analysis for not-correlated
internal dimensions.



Determining the Principal Component Analysis objects (principal components, Eigen values,
transformation matrices) with the methodology of Singular Value Decomposition for strongly
correlated.



Theoretical definition of acceptable closeness of each of the contributions of internal
dimensions and total impacts of those contributions between actual model and pattern model.



Closeness and admissibility comparison of each of the estimated regression coefficients for
actual examination and desirable pattern coefficients by test of significance.



Closeness and admissibility comparison of total impact of estimated internal dimensions and
total impact of contributions of internal dimensions of pattern model by test of significance.



Implementation of iterative method of calculations of left and right matrices of singular vectors
and singular values.



Using MatLab programming language, to write appropriate code for documentation of
implementations.
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CHAPTER II
METHODOLOGY
2.1. Theoretical Definition of the Problem
Definition of the internal (implicit) dimensionality: In contrast to exams with outer (explicit)
dimensionality when some items of the exams are taken directly from congener courses, existence of
internal (implicit) dimensionalities means that ability of the exam under consideration to same
extent depends on abilities of several congener courses, i.e. depends on abilities of prerequisites.
Detecting whether internal abilities really present in the results of the exam under consideration is
important from the quality control point of view. To clarify the last statement let‟s consider the
examination in statistics. The discipline is complicated and can require high knowledge from the
Linear Algebra, Calculus and even from the Measure Theory. At the same time the course can be
taught in different styles: in elementary level, when only simple facts (like: mean, variance, standard
deviation and usage of statistical tables) are taught and when knowledge of prerequisites practically
not necessary; and in the highest level, when adequate and detailed knowledge of the all above
mentioned prerequisites are strongly required. So, it is clear that for the mathematical statistics or for
any other course the scope of using different styles of teaching is very wide. It leads to probable
contradiction between two things: and strict requirements for the teaching level of the course
defined by Educational Institution some uncertainty in possible teaching level makes teaching style
strongly dependent on teachers‟ personality (University, College, and Faculty etc.). Checking
whether the real exam results satisfy Educational Institution‟s requirements is very important from
Educational Process Quality Control point of view.
One can express the above mentioned opinions in terms of models. Let‟s call the set of
requirements defined by Educational Institution the exam‟s Pattern Model, and then the results of
the real (actual) exam represent Actual Model. It leads to the definition of the following problem:
estimation of the Closeness of the Actual Model to the Pattern one.
Now we have to express both models in mathematical form. With this in view, let‟s introduce
parameters for pattern model:
is a desirable share of M, which is defined by prerequisites (it can be, for example,30% of
M);
(i=1, 2… k) share of each of k prerequisites;
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Let‟s denote the sum of prerequisites share as
k

 0   i0 .

(2.1.)

i 1

The meaning of the restriction (1) is easily understandable: total impact of prerequisites or
internal dimensions of the actual exam should be equal to the simple sum of separate dimensions.
The above formula means that the sum of prerequisites defines

of the possible score of

the actual exam under consideration.
And it is clear that,
k

(1    i0 ) is share of the possible scores which is defined by knowledge of actual course
i 1

under consideration.
Considering the example with Statistics, Linear Algebra, Calculus and Measure Theory one
can assume
.
It means that experts decided that 30% ability shown by a student in exam of statistics depends
on the prerequisites, while each of them contributes shares of 15, 10 and 5 percent correspondingly.
We call it pattern model of the internal dimensionalities of the exam and it should be predefined.
Thus the pattern model is represented by means of a set of values of

and

(1), where k is the number of prerequisites.
The results of the sample exam can be represented as the following linear model
k

yi    i xij   t (i=1, 2… n) or in the matrix notation
i 1

,

(2.2)

where y is the vector of observed scores times , i.e.
part of the total score, and thus

gives share of the score

, i.e. the

is share which is defined by ability in the discipline

that is not taken into consideration by prerequisites,
: k-dimensional vector of estimators of the k dimensional vector of the pattern model
parameters

.

n: number of examinees;

xij :

Matrix, scores of n examinee‟s in k prerequisites.
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Thus, having the matrix of the prerequisites results, one has pattern model parameters
and then compare its closeness to the actual model parameter  i (i=1, 2… k).
Closeness of the two vectors should be considered as positive evaluation of the exam‟s results,
because the internal dimensionalities structure satisfies quality requirements expressed by the
pattern model.
The above creates the problem of determination of natural restriction imposed on estimated
coefficients:
.

∑

(2.3)

Meaning of (2.3) is that the sum of estimated coefficients should be close to
of

can be different from

whereas each

. We introduce two notions:

1. Closeness per each dimension,
2. Closeness in the whole.
We have to note the testing of the closeness in the whole is equivalence of testing of holding
of restriction (2.3).
Evaluation of the parameters of the model (2.2) is a problem of estimation of
multidimensional linear regression parameters. We have to discuss two cases of the approaches of
the model:
1.

vectors of the matrix xij (scores of prerequisites) are non-correlated or low-

correlated: it means, that their covariance matrix is not singular and its inverse matrix
exists;
2.

vectors of the matrix xij (scores of prerequisites) are strongly correlated : it means,

that their covariance matrix is singular and its inverse matrix either does not exists or its
determinant is close to zero, so that the matrix is bad-conditioned;
Methodology of evaluating regression coefficients in mentioned cases would be discussed in
the following sections with detail.
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2.2. Representation of the Problem of Multidimensional Linear Regression

Parameters’ Estimation

2.2.1. General Conceptions on Multiple Linear Regression Model
The multiple linear regression model (Gujarati, 2004; Rencher, 2002) can be written as the
generic equation
(2.4)
where there are n − 1 independent variables ,

is the intercept and geometrically it

represents the value of E(Y) where the regression surface (or plane) crosses the Y axis, remainder
values are partial slope coefficient (also called partial regression coefficient or metric coefficient),
and

is the deviation of the value

from the mean value of the distribution given X.

“Additional assumptions that accompany the equations of the regression model for all
are as follows:

(2.5)
Based on the given assumptions, Assumption i state that the model is linear and so no
additional terms are needed to predict y; all remaining variation in y is purely random and
unpredictable. Thus, if

and x‟s are fixed then,
.

The target is that determining

values to estimate

. If estimated

values are

represented by ̂,
̂

̂

∑

In general, ̂
̂

̂

.

(2.6)

is denoted by ̂ thus, ̂ estimates

not

.

Main purpose is to estimate

values such that, minimize the sum of squares of deviations of

the p observed y‟s from their “modeled” values, that is, from their values ̂ predicted by the
model” (Rencher, 2002).
Using matrix representation,
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),

(

(

,,

the regression model for the entire data set in matrix form can be written as
.

(2.7)

This is precisely the same as for the simple linear regression model. The only differences
between simple and multiple regression models are the dimensions of X and

increases.

There exist several methods of solutions of general multivariate regression problem: Least
Squares Method (Rencher, 2002), Maxim Likelihood Method, etc. Due to the research
circumstances of our problem, below we discuss only two of them (Rencher, 2002).
2.2.2. Solution of the General Multidimensional Problem, Based on the

Conception of Conditional Distribution
Assumption that students‟ exam grades distributions follow normal distribution allows using
multivariate form of estimation of regression coefficients rather than Least Squares Method. Below
we give briefly the basics of the approach, which is based on the theory of Conditional Expectation
(Anderson, 1958; Rencher, 2002; Shalizi, 2013).
If X is a random vector with density function f(x), while the mean vector
the mean values of each of the random variables

is the collection of

, then the expectation (Hardle, W.; Simar, L.,

2003) of X is
(

+

(

)

∫
(
∫

∫

(2.8)

)

The expected value is the covariance or covariance matrix of X as given below:
*

(

(2.9)

) +

The ith diagonal element of this matrix, is the variance of

and denoted by

,

(2.10)

and i,j th off-diagonal element,
(

)

is the covariance of

and

,

Vector X with mean vector

can be denoted as:
If the variable X is p-dimensional multivariate, e.g.,
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and covariance matrix

(

+,

then the theoretical covariances among all the elements are put into matrix form, i.e., the
covariance matrix:
(

(2.11)

+

where

and

.

The main result matrix
(2.12)
is the matrix of regression coefficients of

. The vector
(2.13)

is called the regression function.
Previous information is based on the central theorem of the multivariate expectation theory.
Let the components of X be divided into two groups composing the subvectors
suppose the mean

is similarly divided into

divided into

and suppose the covariance matrix

the covariance matrices of

, and of

of X is

respectively.

Then if the distribution of X is normal, the conditional distribution (Anderson, 1958) of

given

is normal with mean
,

(2.14)

and covariance matrix
Deﬁnition: The correlation coefﬁcient (Ribeiro, 2004; Hardle, W.; Simar, L., 2003) of the
variables

and

is deﬁned as:
.

√

(2.15)

Suppose that X is bivariate normal distribution with mean vectors

According to the

previous deﬁnitions, the covariance matrix of X can be rewritten as:
(

*

(

(2.16)

).

In that case, regression coefficient is:
⁄

⁄

,

(2.17)
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and covariance matrix is:
(2.18)

⁄
The density of X1 given
|

is:

⁄

The optimal slope for linearly regressing

on

is

,
and this is precisely same as regression coefficient
.

(2.19)

2.3. General Example of Non-Correlated Case
Let‟s consider the following 20x4 matrix A as a combination of column vector of dependent
variable, y, and column vectors of independent variables
[

].

Let‟s assume that matrix A is the following matrix
78
87
84
67
57
75
71
85
68
67
71
64
65
59
80
66
82
62
81
60

78
84
85
51
70
78
79
82
57
64
72
60
64
57
76
76
81
60
83
60

93
85
98
84
55
92
71
99
88
91
89
86
75
67
98
86
77
77
90
73

99
96
92
67
68
77
82
86
67
65
50
61
75
81
54
41
97
75
81
67
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,

and

.

Then, covariance of the matrix A is

[

].

Within the covariance matrix

, row vector
, and

(

Inverse of

+.

is

(

+

Since given data has no any highly correlated variables, coefficients can be found accurately
using

, hence
.

2.4. Multicollinearity and Ill-Conditioning
2.4.1. Multicollinearity
The term multicollinearity (Gujarati, 2004) is nowadays utilized in a broader sense to include
the cases of perfect (when correlation coefficient r2 is 1) and less than perfect collinearity (nearly
perfect collinearity “ r2 is close to 1”) (Golder, M.; Golder, S., 2013). If perfect multicollinearity
occurs, the regression coefficients of independent variables are indeterminate and their standard
errors are infinite. If nearly perfect collinearity occurs, regression coefficients of the independent
variables are determinate but with large standard errors, which means the coefficients cannot be
estimated accurately and precisely (Gujarati, 2004).
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For the k-variable regression involving explanatory variable

(where

=1 for all

observations to allow for the intercept term), an exact linear relationship is said to exist if the
following condition is satisfied:
,
where

(2.20)

are constants such that not all of them zero simultaneously.

Today, however, the term multicollinearity is used in a broader sense to include the case of
perfect multicollinearity, as shown by (2.20), as well as the case where the X variables are
intercorrelated but not perfectly so, as follows:
.
where

is a stochastic error term (Gujarati, 2004).

Multicollinearity is a problem in multiple regression analysis that develops when one or more
of the independent variables are highly correlated with each other. Multicollinearity shows that there
is not enough variability in the values of the independent variables. High correlation among the
independent variables is reason of little variation. When we consider independent variable
it is difficult to distinguish the real impact of predictor variables

and

and

on estimating Y.

As mentioned before, in the presence of nearly perfect multicollinearity, regression estimates
If

are unstable. Regression coefficients were given as

has no inverse

coefficients— cannot be determined.
For the simplification let‟s consider two dimensional case with variables
are linearly dependent on each other if

is linear combination of

. They

simply such as

has no inverse.

where k is a constant. The latter implies that the matrix

The situation can be explained also from the statistical point of view:
From the general linear regression function in bivariate case (
, (substituting

by

)

,
, or
, (substituting

by

.
The inclusion of both

and

only one of them. For the predictors

)
(2.21)

does not give more information to the model than the using
and

, it is possible to find infinitely many coefficients
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which satisfy the condition
and

. In that case we cannot describe the separate influence of

on Y.
Although researches generally try to solve the multicollinearity problem, unfortunately many

of the solutions are ad hoc (e.g., dropping a variable, which may lead to misspecification error, or
restricting parameters, which is not always possible) or impractical (Grewal, Cote, & Baumgartner,
2004). Beside them different remedies have been proposed including omitting variables, grouping
variables in blocks, collecting additional data, etc.
We have discussed case when there is linear dependence between variables, but more
dangerous cases between variables when there exist high level of correlation (positive or negative),
because in this case the determinant of the matrix

is not zero but very close to zero and it arises

well known linear algebra problem of ill conditioning.

2.4.2. Ill-conditioning
“The problem of determining the solution “r” in the space “F” from the initial data “u” in the
space “U” is said to be well posed on the pair of metric spaces (F,U) if the following three
conditions are satisfied:
i.

For every element

ii.

The solution is unique;

iii.

The problem is stable on (F, U).

, there exist a solution for r in F;

Problems that fail to satisfy these conditions are called ill-posed. Problems that satisfy
conditions (i) and (ii) but not (iii) are called ill-conditioned, that is, problems which are unstable are
called ill-conditioned” (Öztürk,F.; Akdeniz, F., 2000).
When the norm is Euclidian norm and A is symmetric, where | | is the absolute value of an
eigen value

of A while Ax=b, then condition number “CN” of the coefficient matrix in the linear

equation system Ax=b is
|

|

|

|

.

(2.22)

Large condition numbers are a symptom of some of the numerical problems associated with
collinearity. “If the condition number “CN” is large, then the problem with input b and output
is unstable, that is, the problem (inverse problem) is ill-conditioned. The matrix “A” itself
is called ill-conditioned” (Öztürk,F.; Akdeniz, F., 2000).
Since the condition number, is the ratio of the largest eigenvalue to the smallest eigenvalue (λ
max/λ min), if the eigenvalues are close to zero it is possible to suspect that there is nearly perfect
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collinearity. However, if the magnitude of eigenvalues is zero then we should consider the case of
perfect collinearity. The problem here is that how can we clearly determine this closeness to zero.
It is used eigenvalues and condition indexes (Liao & Valliant; Callaghan, K.; Chen, J., 2008)
from a hypothetical regression model to illustrate the best practices for collinearity diagnostics. This
procedure allowed us to identify the variables that were ill-conditioned, only marginally involved in
a linear dependency, or not adversely affected.
The condition index provides another yardstick against which smallness can be measured.
Condition indexes (CI) are calculated as follows:
(

)

.

(2.23)

A high condition index indicates the presence of collinearity. A low condition index indicates
nearly perfect collinearity. Beside the higher the R-square, the higher the degree of multicollinearity.
Table 4: Interpretation of Condition Indexes. Source: (Gujarati, 2004) ,(Callaghan, K.; Chen, J.,
2008).
Condition Index (

Degree of Collinearity

If(CI<10)

Weak Multicollinearity

If(10<CI<30)

Moderate to Strong Multicollinearity

If(CI>30)

Severe Multicollinearity

If CN is between 100 and 1000 there is moderate to strong multicollinearity and if it exceeds
1000 there is severe multicollinearity (Gujarati, 2004).
Besides condition index, “tolerance” which can be defined variance inflation factor (VIF) is
widely used methods to detect degree of multicollinearity in an ordinary least squares (OLS)
regression. The ith tolerance value is determined as

where

is the coefficient of determination for regression of the ith independent variable on

remaining all other independent variables. VIF is defined as a reciprocal of the tolerance value.
Generally VIF higher than 10 is the indicator of severe multicollinearity.
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2.4.3. Estimation of Parameters under Conditions of Multicollinearity
Let‟s consider the standard Multidimensional Linear Regression model
,
Y: n×1 vector of n observations of predictable (dependent) variable; where
X: n×k matrix (“n” observation of k predictor variables);
: k×1 vector of parameters which should be estimated;
: Equally and independently distributed errors.
Then, as we already mentioned above (see 2.2.2), the estimators of the parameters are
̂

,

where  22 – covariance matrix of the variables X;

12 - a 1×k vector of covariations between Dependent variable Y and independent variables X.
Estimator of Covariation matrix of estimators of parameters ̂ (i=1,…,k) is
.

(2.24)

Multicollinearity means that the matrix  is either singular and estimation procedure is
impossible, or it is close to singular matrix and is ill-conditioned. The latter leads to the following:
1. values of vector ̂ norm and its some components may become too big, because
expectation of its norm is
2

2

E ˆ   

s 2Tr ( 22 )
s2 k 1
2
    ,
n
n i 1 i

(2.25)

where i - is a singular value of the matrix X.
Clear, that if even one of the singular values is big then the contribution of the second
term will be very high;
2. Variations of components of the vector ̂ may become so big that the estimators are
statistically insignificant:

Dˆi 

s2
,
n(1  ri2 )

(2.26)

where r – is a correlation coefficient between the variable xi and other predict variables.
Clear, that if the ri is close or equal to 1 (it means multicollinearity!) then the variations
of the component increases unlimitedly.
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Thus, presence of multicollinearity or high correlation among the columns of the X matrix has
the following implications:


Based on the sample at hand, it is not possible to separate the influences of each of the
predictors on the response. This is again related to the fact that the estimated regression
coefficients tend to have large standard errors relative to their magnitudes.



Because practically all measurements are subject to errors, the resulting statistics
cannot be taken seriously when the columns of the X matrix exhibit multicollinearity.
The standard errors of the parameter estimates may reflect this situation by taking on
values that are extremely large relative to the magnitude of the estimates (Graybill &
Iyer, 1994).

2.4.3.1 Example of Ill-conditioned Data, Solution Based on the Least Squared
Method
Let‟s assume that we have the following 20x4 matrix E, where Y is dependent and
are independent variables. It is given that there is high correlation between
represented by
Y
82.98
78.6
81.28
63.74
53.8
71.62
66.56
78.64
65.18
65.26
57.04
61.46
64.5
64.62
62.28
51.46
76.22
65.22
72.9

and

. As explained above this is the case of multicollinearity.
X1
65.1
59.5
68.6
58.8
38.5
64.4
49.7
69.3
61.6
63.7
62.3
60.2
52.5
46.9
68.6
60.2
53.9
53.9
63

X2
93
85
98
84
55
92
71
99
88
91
89
86
75
67
98
86
77
77
90

X3
99
96
92
67
68
77
82
86
67
65
50
61
75
81
54
41
97
75
81
56

, and that is

Beta coefficients are given with warning message “Matrix is close to singular or badly scaled.
Results may be inaccurate” and these values are
[

].

As it was mentioned in 2.4.3.1, in fact these beta coefficients were 0.3, 0.15 and 0.5.
It is obvious that the multivariate data analysis based on the conditional distribution does not
work to determine impact of independent variables, when there is perfect multicollinearity.

2.5. Determining Internal Dimensions and Defining Impact of Prerequisites
2.5.1. Principal Components Method
Principal component analysis (PCA) has been called one of the most valuable results from
applied linear algebra. PCA finds a linear projection of high dimensional data into a lower
dimensional subspace with maximized variance and minimized least square reconstruction error.
PCA is the eigen-vector and eigenvalue based multivariate analysis. Eigen vectors are a set of new
basis vectors which transforms data into the set of principal components and eigenvalues of the
covariance matrix are used by PCA to obtain the independent (uncorrelated) axes under Gaussian
assumption. Uncorrelated principal components are linear combinations of the original variables
(Erguven, 2012).
As it was mentioned previously in section 2.1., main focus of our study is on two cases. First
case: when independent variables (prerequisites) are non-correlated, and the second case is when
matrix of prerequisites is highly correlated. Multiple linear regression and multivariate statistical
analysis methods are both adequate while the correlation is not high but they do not work if data is
ill-conditioned. In this part we would like to introduce a new method which is useful for both noncorrelated and multicollinear (nearly perfect collinear) cases. This method is based on the singular
value decomposition and principal component analysis.
It is determined that observed y values can be denoted as
.
The singular value decomposition (Hardle, W.; Simar, L., 2003) is one of the most important
tools in linear algebra (Ipsen, 2009). In the singular value decomposition it is known that any matrix
can be represented as the product of three matrices. These are left singular vector
matrix

, singular values L which can be shown as a diagonal matrix with non-negative
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entries, and transpose of right singular vector

. The singular value decomposition of X is

given by:
,

(2.27)

where U and V are unitary matrices (reference), the columns of U is orthonormal eigenvectors of
, and the columns of V are orthonormal eigenvectors of

, and L is a diagonal matrix

containing the square roots of eigenvalues from U or V in descending order (Baker, 2013).
“A basis {

is orthonormal if,

}
1.

(whenever

the vectors are mutually orthogonal), and

2.

(they are all unitary matrices) (Lerner, 2008)”.

(2.28)

A set of vectors is said to be orthonormal if the norm of each vector in the set is equal to one.
Since U and V are orthonormal, their norm is
‖ ‖

‖ ‖

.

(2.29)

Because U and V are unitary matrices,
.

(2.30)

There is obvious relation between SVD and PCA which is shortly explained below:
Simply the PCA requires the computation of the eigenvalues and eigenvectors of the
. Because the covariance matrix is square and

covariance matrix of X, which is the product

symmetric matrix and eigenvectors can be normalized such that they are orthonormal,
where

;

SVD is applicable to that covariance in the following way:
,
,

since

.
where

(2.31)

is a diagonal matrix whose diagonal elements are the eigenvalues (

of

.
Here the connection can be seen easily: The square roots of the eigenvalues of

are

singular values of X (Grodner & Grove, 2007). This connection helps to use PCA and SVD for the
purpose of the study within convention.
If we multiply both sides of the (2.27) by right singular vector V, equation becomes
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.

(2.32)

In that case we can compute the principal components based on multiplying the left singular
vector U and diagonal matrix of singular values L or based on multiplication of matrix X and right
singular vector matrix V.
.

(2.33)

Both XV and UL are principal components which can be denoted as “P” and if we substitute
X by singular value decomposition of X,
, would be
, and since UL=P, “y” can be represented as

(2.34)

.
If we denote

(2.35)
as

,

.
If we can find such

(2.36)
then

can be solved from

.

(2.37)

Regression coefficients‟ vector
denoted as P. It is clear that first

2.5.2. Theoretical

can be found using principal components of X which are

should be calculated.

Evaluation

of

Regression

Coefficients

on

Principal

Components and Contributions of the Inner Dimensions.
After estimating of

one can find

from the (2.37) Regression coefficients‟ vector

can be

found by means of usage of the methodology of the Regression on Principal Components (PC).
Before starting consideration of the issue we have to make an important Remark. Point is that
in the Section 2.2.2 we have showed that if a set of random variables are follows normal
distribution, then the regression of one part of them with respect to another part can be expressed as
, where

are submatrices of their common covariance matrix. But, alternatively,

one can use another type of so called association matrix. To clarify the latter we consider
Definition 2.1: Let Y denote the (n×k) data matrix, where n≥k. Any symmetric matrix (k×k) S
whose (i, j) element measures the degree of association between variables Yi and Yj is known as
association matrix.
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There are four types of Gramian1 Association Matrices (Gentle, 2007) used in statistics:
1. Inner Product Matrix,
2. Cosine matrix,
3. Covariance matrix,
4. Correlation matrix.
All four types of matrices have common nature, but also some different characteristics. We do
not consider them in more detail, but only underline that they, being used in regression analysis,
provide the same final results (from computational point of view). Hereafter we‟ll use mostly Inner
Product Matrix instead of covariance one.
Firstly we should determine . For that reason let‟s represent the matrix of PC as follows.
Taking into consideration that
,

(2.38)

P can be represented in matrix form as depicted below, if

] , and

[

then, matrix of principal components will become
[

]

[

].

Note that the matrix of PC contains only k columns, where number of k is equal to the number
of nonzero singular values of the matrix L. So using singular values and first k columns of U, it is
possible to indicate nxk matrix P as decomposition of column vectors which is given below:
1

The Gramian matrix is an Hermitian matrix of inner products of a set of vectors v1, … ,vk.
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Therefore,
(

)

(

)

.

And therefore

(2.39)

can be represented as

, which is dot product of
[

.

(2.40)

]

Thus,
⁄
⁄

.
⁄ ]

[

To calculate the vector of inner products among observed scores and principal components
which are represented as

, we follow the next inner product
.

As a result

(2.41)

is 1xk row vector and

is kxk square matrix, regression correlation coefficient

would be 1xk row vector
*
Now we can estimate

.

+
with respect to

(2.42)

.

and since
.

(2.43)

Thus, the above represented approach consists of two steps:
3. Calculation of singular vector and singular values of prerequisite scores;
4. Using formulas (2.42) and (2.43) to compute regression coefficients.
This approach (together with the algorithm of SVD by Means of Rank Tensors Approximation
(see 2.5.3.2)) gives possibility to avoid calculation of inverse covariance matrix, procedure of least
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square methods and simply allows obtaining for sought regression coefficients directly by means of
(2.43).
In the case of nearly perfect multicollinearity it is possible to use standard regression
procedure on principal components. This regression gives
into

coefficients which can be transformed

by means of (2.43).
Unfortunately this approach cannot be expanded to the perfect multicollinear case, because it

requires usage of covariance matrix. Even in the case when the covariance matrix is represented as
(2.40) its determinant can be zero or very close to zero since one or more singular values can be zero
or very close to zero.

2.5.3. Iterative Method for Solution of SVD Problem
In the present section we present iterative method which was used in the process of
elaborating corresponding software (see Appendix 1).

2.5.3.1. Low Rank Tensor Approximation of the Matrix of the Independent
variables
Singular Value Decomposition (SVD) being generalization of Eigen Value Decomposition
(EVD) permits to compute singular (proper) values of non-square matrices. Despite of its generality
and efficiency it has not been used widely in present time. Nowadays the method has only started to
be used in several fields of mechanics and applied physics: processing of experimental data in
vibrations problems, in numerical computation of the coefficients of amplitude equations and
normal forms, in some problems of Hamiltonian Mechanics (M. Chu, 1986; K.P. Chen, 1990; Allen,
M.R., and A.W. Robertson, 1996.)
Usage of classical Singular Value Decomposition (SVD) leads to necessity of calculation of
Eigen values and Eigen vectors of high dimensional matrixes (Gattenmacher F.P., 1967; Elsner, J.B.
& Tsonis, A.A., 1996). There are a lot of well-known and widely used methods of their computation
(Bretscher, O., 2005; Golub, Gene H.; Van L., Charles F. 1996). First of all, we outline a big group
of so called transformation methods: Schur, LR, QR, Jacobi, Givens, and Householder etc. Also
found a wide use polynomial iteration methods (direct computation of det (A-  B) determinant‟s
roots) and a group of methods (variational) based on stationary property of the eigen values
(Rayleigh quotient) ( Elsner, J.B. & Tsonis, A.A.,1996; Bretscher, O., 2005). We shall not discuss
them as all these methods are well known and one can find their detailed consideration in many both
classical and modern text books and monographs.
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Despite of their very different nature all these methods can be characterized with similar
disadvantages: necessity of big computations volume, not reliable stability and sensitivity for illconditioning. The latter problem (ill-conditioning) is very important especially for SSA because the
matrix X constructed on observed data can be turned to be ill-conditioning. To avoid these
computational problems we elaborated a new approach and algorithms based on principally new
approach.
The all results of the work are based on the conception of approximation by low rank tensors
and Eckart-Young theorem (Mc‟Connell A.J, 1963; Postnikov M.M., 1988).
Definition (Mc‟Connell A.J. , 1963). A best rank-r approximation to a tensor t  V1  ...  Vk is
a tensor smin with
smin  t  inf

rank ( s )r

s t .

The latter generates Eckart-Young problem (Mc‟Connell A.J, 1963): find a best r-rank
approximation for tensor of order k.
The problem is not solvable in general. But for matrixes it was proved as
Eckart-Young theorem. Given a p x n matrix X of rank r ≤ n ≤ p, and its singular value
decomposition, UΛV′, with the singular values arranged in decreasing sequence
λ ≥λ ≥λ ≥…λ ≥0,
1

2

3

n

then there exists a p x n matrix B of rank s, s ≤ r, which minimizes the sum of the squared error
between the elements of A and the corresponding elements of B when
B = UΛsV′ ,
where the diagonal elements of Λs are
λ1 ≥ λ2 ≥ λ3 ≥ … λs > λs+1 = λs+2 = … = λn = 0.
The theorem states that the least squares approximation in s dimensions of a matrix X can be
found by replacing the smallest n-s roots of Λ with zeroes and remultiplying UΛV′.
From the theorem follows that one can represent factorization of a K × L matrix X (with rank
r ≤ min(K,L)) by means of Singular Value Decomposition as
r

r

i 1

i 1

X   i X i   H i ,

(2.44)
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where Xi - 1-rank matrices, which can be represented as a Kronecker product X i  ui  vi of
left ui and right vi singular vectors, corresponded to the singular value i (the latter means that both
Xi matrices and therefore initial matrix X, are decomposable) and Hi = i X i – also 1-rank matrices.
Note that Hi also decomposable, so H i  ai  bi , where ai and bi are linearly independent vectors2.
They may be expressed via left ui and right vi singular vectors.

ai  i ui and bi  i vi .
Each of the two systems of vectors ui (i=1,2,…,K) and vi (i=1,2,…,L) are orthonormal
systems, therefore full contraction of Xi matrices satisfies3

 1, i  j
( X i , X j )  
.
0, i  j

(2.45)

One can consider (2.44) as a decomposition of the second order tensor (r-rank) X by a system of
“coordinate” tensors Xi (1-rank). It is interesting to underline that singular values i can interpreted
as magnitudes of the projections of tensor X onto tensors Xi (i=1,2,…,r).
The justification of such interpretation follows from (2.45):
r
 , i  j
( X , X j )  ( i X i , X j )  (i ((ui  vi ), (u j  v j ))   j
.
i 1
 0, i  j

If singular values and both types of singular vectors are known, one may use decomposition
(2.44). Now we are interested in inverse problem: define singular values and both types of singular
vectors, using matrix X and decomposition (2.44). It can be done by means of consequent
computation of matrices H1, by means of minimization of the sum of the squared errors between the
elements of X and the corresponding elements of H1. The squared sum of errors can be represented
as follows
K

L

K

L

S 2   ( xij  hij )2  ( xij ai b j ) 2 .
i 1 j 1

i 1 j 1

Clear, that it is a function of (K+L)2 unknown variables aij (i, j  1,..., K ) and bi j (i, j  1,..., L)
. So, minimization of the S2 leads to the system of equations
2
3

ai is K –dimensional vector and bi –is L-dimensional vector.

It follows from the orthonormality of the systems of vectors u and v and the multilinearity properties of tensor product ( (,) stands for dot product):

1. for any real

 , x      x  x and 2. (( x  y), (v  u))  (( y, v) x, u)  ( y, v)( x, u) .

contraction of tensors

( x  y)

and (v  u ) .
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The last one is the full

L

L

j 1

j 1

 xijb j  ai  (b j )2  0; ( i  1,..., K )
K

K

x
m 1

a  bn  (am ) 2  0. (n  1,..., L)

mn m

(2.46)

m 1

Solution of the system gives vectors a and b, which define the best approximation of matrix X
by 1-rank matrix H1. In fact, the matrix H1 is the first term in decomposition (1). Then, applying the
same procedure to matrix X2=X-H1, we are getting the second term H2 and so on.
Now, there is a problem - how to solve the system (2.46), because we have already reduced the
problem of computation of (2.44) to the problem of solution of the system (2.46). Few analysis
permits to conclude, that the system can‟t be solved analytically, so we elaborated numerical
approach, which is the core of an algorithm of SVD by means of 1-rank tensors approximation.
Below we represent full algorithm of the system (2.46) solution and SVD by means of
approximation by 1-rank tensors, which is completely based on the above theoretical consideration.

2.5.3.2 Algorithm of SVD By Means of 1-Rank Tensors Approximation (Solution
of the System (2.46)).
Now we can represent the method, which, in fact, is a method of solution of the system (2.46).
It starts with the choosing of any arbitrary matrix (vector) a(1) with the dimensions K1.
The elaborated method consists of cycles and iterations. Total number of cycles equals to r
where r is the rank of the matrix X or number of singular values of the matrix X. Each cycle consists
of iterations and at the end of cycle i we have H(i) where H(i) is a component of decomposition
r

X   H (i ) and i is the number of current cycle. Iterations are computed by means of the following
i 1

steps.
Step 1: Choose arbitrary vector a (0) .
Step 2: Construct a matrix using tensor product w(0)  a(0)  b(0) where b(0) is a vector with
unknown components; upper index in brackets shows number of iterations. These components can
be computed by means of minimizing of Frobenius norm (Elsner, J.B. &Tsonis, A.A, 1996;
Bretscher, O., 2005) of differences between matrices X and w(0)

 K L

2
min   ( xij  ai(0)b(0)
j )  .
1 ai  m
 i 1 j 1


(2.47)
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Clear that minimizing of this norm is a special case of least square method (Mc‟Connell A.J,
1963). As a result we shall have to get normal equations with respect to unknown components of
vector b

 K L
   xij  ai(0)b(0)
j
i 1 j 1

b(0)
j





2



L

2 ai xij  ai(0)
i 1

0 . ( j=1,2,…,K)
  b  



2

(0)
j

(2.48)

(2.48) is a normal equation for minimization problem of (2.47). It is easy to define now
unknown values of bj :
L


b(0)
j

x a

(0)
ij i

i 1

, where j 1,
L
2
(0)
  ai 

, K.

(2.49)

i 1

Step 3: Next step of the algorithm consists of calculation of ai(1) on the base of solution of the
following problem
 K L
min   xij  ai(1)b(0)
j
1 ai  K 
i 1 j 1





2


 .


(2.50)

Similar to (2.49), it is easy to represent the solution of (2.50) as
K

ai(1)


x b
ij

(0)
j

j 1

, where i 1,
K
2
(0)
 bj
j 1

 

(2.51)

, L.

(1)
a (1)  b(0) . If Frobenius norm of difference
Using (2.51) one can construct a new matrix w

of matrices w(0) and w(1)
(0)

w

(1) 2


w

L

K

  a

i 1 j 1

(0)
i

b

(0)
j

(1)
i

a b

(0)
j



2

is greater than predefined accuracy , then we start new iteration going to step 2. In general
while iteration i, we have matrix

 a ( k )  b( k 1) , j 
2k  1
w( j )  
(k )
(k )
a b , j 
2k


.
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2

At the end of each iteration we check inequality w( j 1)  w( j )   . If it holds we have to stop
iterations and this is the end of current cycle and denote matrix w(i) as H(1). Note that H(1) is the first
component in SVD of matrix X.
To start next cycle we calculate X- H(1)= X(2). The matrix defines new system of type (2.46),
and then we apply all above mentioned iteration to the system and so on till we get matrix X(r).
So we will get X=H1+H2 +...+Hr+Xn where Xn is very small which can be neglectable. So as a
result
r

r

i 1

i 1

X   H i   ai  bi   i ui  vi ,

(2.52)

where ai  i ui and bi  i vi . The latter follows that left and right values can be
represented as
ui 

b
ai
and vi  i
bi
ai

and taking into account (2.52) singular values can be represented as

i  ai bi .
So, the represented algorithm solves the inverse problem defined above: define singular values
r

r

i 1

i 1

and both types of singular vectors, using matrix X and decomposition X   i X i   H i .(2.53)

2.5.3.3. Numerical Example.
Let us take a 7 x 9 arbitrary matrix X such that
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Using suggested algorithm one can represent the results:
Left singular matrix U,
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-0.35569 -0.3059 -0.20901 0.468234 0.503812 -0.38498 0.339034
-0.4095 -0.00772 0.111879 0.31376 -0.31634 0.664557 0.423767
-0.44769 0.246117 0.068198 -0.39965 0.640338 0.345064 -0.21336
-0.31265 -0.09686 0.710443 0.315434 -0.11013 -0.20631 -0.48368
-0.41263 -0.61783 -0.07908 -0.56974 -0.30667 -0.14782 0.035616
-0.35506 0.204652 -0.64467 0.243428 -0.27481 -0.01533 -0.53051
-0.3336 0.642504 0.112109 -0.19806 -0.23318 -0.47585 0.378548
Vector of singular values is
(461.2871, 138.8151, 131.1465, 95.1335, 60.9844, 53.1163, 24.3178) ,
and right singular matrix V is:
-0.29162 -0.31137 0.257761 0.749985 0.016782 -0.01816 0.327595 -0.20302 -0.19985
-0.43798 0.158633 -0.13797

-0.324 -0.24633 -0.29552 0.369812 -0.57869 0.198355

-0.31766 0.336586 0.53534 0.082598 -0.15855 -0.32158 -0.06513 0.474559 0.366593
-0.37754 -0.25854 0.230092

-0.178 -0.03695 0.744682 -0.16067 -0.09081 0.340615

-0.21803 -0.3641 -0.19089 -0.22996 0.566128 -0.13091 0.449455 0.407036 0.158897
-0.36466 -0.16409 0.314555 -0.37018 0.133434 -0.19005 -0.32438 -0.03215 -0.66629
-0.2449 -0.3958 -0.45332 0.052583 -0.63831 -0.09834 -0.14042 0.366842 -0.06083
-0.35221 0.609867 -0.29172 0.094344 0.038554 0.397232 0.224031 0.24615 -0.3741
-0.33932 0.098332 -0.38601 0.304076 0.406582 -0.18344 -0.59053 -0.16904 0.239722
The same results can be obtained by means of standard MatLab procedures.
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2.6. Theoretical Definition of Acceptable Closeness of Each of the Contributions
of Internal (Implicit) Dimensions and total Impacts of those Contributions
between Actual Model and Pattern Model
Observed grades can be represented as the following linear regression model
,
where alpha values are estimated values;
is a vector of normally distributed mutually independent random values with zero means.
Predicted grades are denoted as
.

̂

(2.54)

Pattern exam grades can be represented as
,
where

is

(2.55)
desirable (pattern) contributions of inner dimensions defined by prerequisites.

To test acceptance of the exam under consideration one has to estimate closeness of
vectors. It is clear that if difference between those two vectors (between them only
result of estimation of regression coefficient on the sample data, whereas

and

is random as a

is not random since it

consists of predefined constants) is statistically not significant then, we can assume that
and the actual exam can be accepted as adequate. Otherwise, rejection of

,

should be

considered as:
1. not satisfactory usage of knowledge of basic prerequisites during teaching process;
or
2. structure of exam did not take into account knowledge of basic prerequisites.
In this case additional detailed investigation of both quality of teaching and quality of exam
process should be undertaken by faculty administration or by quality assurance service.
Thus we have to check the following alternative hypothesis:

,
.
Because both

(2.56)
are k-dimensional vectors, we have to test two cases (Meaning of this

tests where explained in 2.1):
1. Statistical closeness of each coordinates (per each of dimensions) of the vectors
that is
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,

,
,

(2.57)

and
2. Closeness of the sums of components of vectors of

that is closeness in the

whole.
∑

∑

∑

∑

,
(2.58)

.

Below we consider them separately.

1.

Statistical closeness per each of dimensions:

For the comparison of closeness of
hypothesis

and

, and for the verification of truth or falsity of a null

, test of significance (Gujarati, 2004; Rencher, 2002), t-test, is used. In that process,

one can consider the difference between

and

as an algebraic sum of two normally distributed

random variables:  i - with expectation E(  i ) and standard deviation
expectation

S 2Qii1 and

with

and zero standard deviation. Taking into account that the distribution of the sum of

two (or more) normally distributed random variables is again normal distribution with expectation
and variance equal to sums of expectations and variances; in this context, the test of significance
will be

√

,

(2.59)

Where,
N: number of observations,
N-K: degrees of freedom,
S: total error of regression model,
Q: covariance matrix of independent variables.
If
∑

̂

is sum of squared errors then
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(2.60)

∑

̂

√

√

( Standard deviation of regression coefficient

.)

(2.61)

We can reject the null hypothesis, if
|

|

,

⁄

(2.62)

where confidence level is

, and

⁄

is a critical value from the t-table. In this

case our statistic is said to be statistically significant since t-value lies in the critical region.
From the equation 2, we can find

such that,

.
According to null hypothesis (2.57)
, and
.
If calculated t value falls in the acceptance region, we can assume that differences between
and

is because of randomness. And it is possible to assume that
(2.63)

2.

Statistical closeness in the whole:

Note that checking of the hypothesis “in the whole” is equivalent to checking whether the
restriction (2) in the section 2.1. is hold. To determine criterion for the purpose we have to compare
the distribution of the sum of k normally distributed random variables
nonrandom constant ∑

with

. Similar the previous case, and again taking into account that the

distribution of the sum of k normally distributed random variable is again normal distribution with
expectation and variance equal to sums of expectations and variances. N that case t-test, will be
∑

√∑

∑

, where

(2.64)

.

(2.65)
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If calculated t value falls in the acceptance region, we can assume that differences between
∑

and∑

hypothesis

is because of randomness. And it is possible to accept the null
∑

∑

.

In the other case, large t value is evidence against the null hypothesis and there should be a
systematic error since estimated t is out of the acceptance region. Hence,
∑

∑

.

(2.66)
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CHAPTER III
IMPLEMENTATIONS AND RESULTS
3.1. Methodology
Based on the multivariate data analysis techniques, MATLAB Programming Language and
Microsoft Excel Software are used to implement required statistical analysis. Assumptions that
grades are distributed according to normal or logistic distributions were used. Mainly three different
groups of examinations (actual and prerequisites) are generated such as uncorrelated, low correlated
and multicollinear. Each of the examination is simulated for 200 students. According to those
examinations different four cases are elaborated. In the simulation study and for the other required
statistical analysis Microsoft Excel and XLSTAT are used. Normality of those prerequisites is
presented with their Histograms. Principal Component Analysis (PCA) and Singular Value
Decomposition (SVD) methodology are used to define right and left singular vector matrices,
singular values and principal components. MatLab is used to demonstrate grades of prerequisites
and principal components, and transformation of those prerequisites on principal components.
According to expert‟s opinions desirable contributions of internal (hidden) dimensions is
determined for pattern model. Theory of Conditional Expectation and Multivariate data analysis is
used to find estimated regression coefficients of actual examination which are defined here as
contributions of internal dimensionalities within actual examination. Multidimensional Regression
Analysis is done with regard to actual examination and principal components of prerequisites.
Orthogonaility of the principal components is used to avoid the collinearity among prerequisites.
To compare the closeness and acceptance of each of the estimated regression coefficients of
actual data and each of the regression coefficients of pattern models the test of significance (t-test) is
used. Test of significance is also used to identify the desirable acceptance level of total impact
between actual model and pattern model. In the implementation of regression analysis and
determination of each of the internal dimensions and total impacts, for the simplicity MatLab code is
written and implemented. Outputs of that code are represented as summary statistics within the case
studies.
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3.2. Data Simulation
In literature there are collection of approximate functions for the normal distribution, some of
them are very complicated, not very accurate, or some valid for only a limited range. The shape of
the standard logistic distribution is very similar to that of the normal distribution, but it is more
peaked in the center and has heavier tails than the standard normal distribution (Gupta, R.; Kundu
D., 2010) .
When comparing the logistic distribution function to other approximations, it can be
observed that the logistic approximation has a simpler functional form and that it gives higher
accuracy, with the maximum error of less than 0.00014 for the entire range. Because of these
reasons for better approximation of normal distribution, cumulative logistic distribution preferred to
design pattern in this study. Cumulative logistic distribution function is given as:
,
where

is the mean,

standard deviation and

(3.1)

is the standard deviation and

is the parameter proportional to the

can be calculated by:

.

(3.2)

Absolute deviation function is a function of the absolute deviation between the cumulative
standard normal distribution and the cumulative logistic distribution with mean zero and variance
one. Difference between Normal and Logistic is shown below where z = (x- µ)/ σ:
|∫

√

*

+

[

]

|.

(3.4)

The parameter γ is determined by minimizing the maximum deviation between the cumulative
normal distribution and the logistic function. The absolute deviation with γ ≈ 1.702 becomes
relatively small at z ≈ + 1.2 and z = 0 and this value of γ gives the best logistic fit for the cumulative
normal distribution (Bowling, S.R. ; Khasawneh, M.T. ; Kaewkuekool,S.;Cho, B.R. , 2009).
The logistic distribution and quantile function (the logit function) have been extensively used
in many different areas. One of the most common applications is in logistic regression, which is
used for modeling categorical dependent variables (e.g. yes-no choices or a choice of 3 or 4
possibilities), much as standard linear regression is used for modeling continuous variables (e.g.
income or population). Specifically, logistic regression models can be phrased as latent variable
models with error variables following a logistic distribution.
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The quantile function “also called inverse cumulative distribution function (ICDF)”. In our
model this ICDF is used for a given probability to find random values which will be at, or below,
with that probability. Formula of ICDF is given by:
(

).

(3.5)

According to these constraints the whole data is divided into three sub groups: upper, lower
and middle. To divide groups control parameters are used and they are represented as
In the upper group with the given percentile

and grade

, percentage of success and

desired grade as the minimum score of excellent group is determined at the right tail end of the
distribution respectively. Simultaneously percentile

and score

is defined with respect to

educational experience at the left tail end of the normal distribution. Therefore, left tail upper end
, right tail lower end
respect to

, and their percentile ranks

and

lead to two linear equations with

and .

),

(

).

(

Solving the above equations

(

(

(

(3.6)

)

(3.7)

and

values are simply calculated as:

;

(3.8)

).

(3.9)

*

In any educational institution, when those control parameters are predefined by quality
assurance service, easily from the equations (3.8) and (3.9);

and

values are calculated after that

inserted into the logistic distribution function (see equation 3.1) and sufficient probabilities are
calculated to determine normally distributed grades of examinees.
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Three cases are examined. Uncorrelated, low correlated and multicollinear data are generated.

,

To generate low correlated data 85% of success is considered which is defined as

and

is determined as 85. This indicates that upper score among 85% of the students is

specified as 85 and reminder students have larger grades.

is determined as 0.28 and

. Those control parameters in the left tail upper end indicates that scores of the 28%
of the students are maximum 50 and less. Based on those control parameters
as 22.22 and mean is found as 62.34. Using those

and

is calculated

within the logistic distribution

function each probability is determined for each of the grades from zero until 100. After that
with respect to defined probabilities possible grades of students are determined for 200
students. Therefore normally distributed grades are obtained with respect to mentioned constraints
and normality of those variables is presented in the next sub-parts of this chapter with their
histograms. Based on the prerequisite 1 and with regard to correlation methodology trend line is
defined with small slope (m=0.2), hence second prerequisite is designated as low correlated.
To generate multicollinear data

and

is determined as 0.8,

.

. Based on those control parameters mean is calculated as

is defined as 0.35
and

. Standard deviation is 46.156. Similar to previous low correlated data generation,

logistic distribution function is used to specify probabilities of each of grades. Based on the
determined probabilities, desirable pattern model distribution is achieved for prerequisite 1
by random number generator in Microsoft Excel. Therefore prerequisite 1 is generated and
correspondingly using theory of multicollinearity (see 2.4.1.) second prerequisite is simulated.
In the last step uncorrelated data is generated using the Microsoft Excel.
Different scenarios are developed to have various observations; mainly four cases are detected
between actual model and pattern model. According to those scenarios estimated contributions of
the inner dimensions are compared with desirable contributions of the inner dimensions of pattern
model.
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3.3. LOW-CORRELATED PREREQUISITES
According to previous researches there should be reasonable relations between prerequisites
and currently going on course. This relation can be analyzed using the examinations of those
prerequisites and examination of current course.

The purpose of our study is detecting

dimensionality of a course based on the meaningful evidences with respect to predictor variables
which are defined here as prerequisite examinations of prerequisite courses. Prerequisite
examinations are considered as dimensions of current examination. Results of research are used to
identify the quality of a course from the dimensionality point of view.
After the simulations study 200x3 matrix A is determined as combination of dependent
variable vector “Y” and column vectors of two prerequisites. Dependent variable Y is considered as
exam under interest (for simplicity we can name that examination as statistics). Y is named as
actual exam and vectors of independent variables

,

can be considered as prerequisite 1 and

prerequisite 2 respectively.
[

].

As it is mentioned in the definition of the problem (see 2.1) impact of the prerequisites is
predefined as desirable coefficients with respect to experts‟ opinion. Desirable contributions of
internal dimensions of pattern model are defined as

,

for the prerequisite 1 and

prerequisite 2 respectively. Desirable total impact in actual exam is:
.
If the actual examination is three dimensional, two of them should be related by the
examinations of two prerequisites and one dimension with the actual exam itself. And as it is
mentioned previously a part of the actual examination (here 35%) should be explained by
prerequisites.
For the detection of implicit dimensions regression coefficients would be described by
. In this context, first normality of the distribution of the grades of prerequisites is
represented. “A major reason for basing statistical analysis on the normal distribution is that this
probabilistic model approximates well the distribution of continuous measurements in many
sampled populations. Statistical theory based on the normal distribution has the advantage that the
multivariate methods based on it are extensively developed and can be studied in an organized and
systematic way” (Anderson, 1958).
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,

are normally distributed and normality of their distribution is depicted by histograms

below.

Prerequisite 1

Frequency

50

120.00%
100.00%
80.00%
60.00%
40.00%
20.00%
0.00%

40
30
20
10
0

Figure 10: Normally distributed prerequisites 1, illustrated by histogram.

Prerequisite 2

Frequency

40

120.00%
100.00%
80.00%
60.00%
40.00%
20.00%
0.00%

30
20
10
0

Figure 11: Normally distributed prerequisite 2, illustrated by histogram.
Low correlation between these two prerequisites is illustrated below by scatter plot.
Correlation between them is 0.20.
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Prerequisite 2

Low Correlated Data
150
100
50
0

0
20
y = 0.1949x + 41.533
R² = 0.0412

40

60
80
Prerequisite 1

100

120

Figure 12: Scatter plot of low correlated two prerequisites.
The purpose is that, focusing on four different cases, comparing actual model and required
pattern model, detecting all cases from the closeness, acceptance point of view; after that,
determining the acceptance level of the actual model with respect to t-test on the strength of
comparison of estimated and desirable inner coefficients and comparison of total impact of those
inner coefficients.

3.3.1. Desirable Closeness of Actual Model and Pattern Model
In PCA projection of the original data is done based on the new basis, which is a linear
combination of the original basis. In this case study principal components are determined by
singular value decomposition (see 2.5.1and 2.5.2) for matrix of low correlated two prerequisites
(200x2). Instead of direct usage of prerequisites principal components are preferred to analyze
effects of those components in determination of regression coefficients. Therefore, principal
components based multidimensional regression analysis is done.
Figure 13: 3D-illustration, Blue bold stars represents grades of actual exam, red dots shows
principal components of actual exam grades
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Using left singular vector matrix U and diagonal matrix of non-negative singular values L,
principal components are obtained. PCs and actual grades are given in the figure 13. Transformation
of those grades onto the principal components is depicted in the following figure.

Principal Components
40

PC2 % 0.05

20
-140

-120

-100

-80

-60

-40

-20

0
-20

0

-40

y = 0.0044x + 0.3822
R² = 3E-05

-60

PC1 %0.95

Figure 14: Representation of the orthogonal principal components.
Correlations among prerequisites and principal components are named as factor loadings.
Factor loadings of first principal component and second principal component in prerequisite 1 is
calculated as -0.73913 and -0.6775. Likewise -0.8005 and 0.59505 are loadings of first and second
principal components in prerequisite 2 respectively. These loadings show satisfactory high
correlation among principal components and prerequisites. First component can explain 95% of the
variability in prerequisites. Instead of direct usage of prerequisites principal components are used in
this study. First to avoid the collinearity second for the simplicity of the evaluation of regression
coefficients, principal components based multidimensional regression analysis is done. Using the
fundamental principles of conditional distribution, contributions of internal dimensions are
determined.
Instead of matrix A the following matrix B is taken into the consideration which is defined by
actual exam Y and two principal components:
[

].

When we follow the theoretical procedures of section 2.5.2 it is necessary to describe
and

to find mentioned regression coefficients. In that part,

inner product of
and

is simply determined as

, where L is the vector of singular values. Diagonal elements of L are
. It is possible to evaluate

and
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from IPM.

The Inner Product Matrix (IPM) of the system of vectors of actual exam grades and principal
components is used to define the contributions of the implicit dimensions. IPM is:

]

[

When the inner product of dependent variable y (actual exam) and principal components of
prerequisites is determined in 2.5.2 as
,
can be found in MatLab as dot product of y and principal components by:
. Therefore

is:
], and

[

*

+.

Inverse of

is

*

+.

Hence,

gives

*

and regression coefficients of principal components are:

+.

Using actual exam grades and those principal components with help of described model in
section 2.5.2, the following right singular vector matrix V is found:

*

Using
*

+.

, estimated implicit dimensions are:
+.
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As it is mentioned before, to simplify the process a MatLab code is written and following results are
obtained:
+, and

*
*

+.

Until here, theoretical evaluation of the regression coefficients empirically represented; thus,
identification of the contributions of the inner dimensions based on the principal components is
depicted with respect to the algorithm which is explained and introduced by this thesis in the part
2.5.2. These implementations are made for various data combinations and each of them gives
almost same results as it is represented above.
In the next parts for simplification, calculation process of coefficients of regression is done
directly by MatLab code. After that with regard to comparison of estimated and desirable inner
dimensions detailed analysis of the acceptance of the closeness of those coefficients are represented
in the subsequent below part.
In the beginning for the pattern model desirable coefficients is given as
Sum of squared residuals is used to determine mean squared error for degrees of freedom 197.
Beside the error term, to represent the closeness of both pattern and actual model the following
covariance matrix of prerequisites is obtained.

*

While covariance matrix is the above

+.

and mean squared error is 1.3686, t-values are found

as 0.9211 and 0.8291 respectively with regard to estimated and predefined alpha coefficients.
According to the t-critical value 1.6526 those t-values show that both impacts of estimated implicit
dimensions are acceptable for degrees of freedom 197. Because, the t-values do not exceed the tcritical value at the significant level of .05, therefore, we fail to reject the null hypothesis which is
the difference between estimated and desirable regression coefficients is zero.
Besides, when we compare the closeness of the total impacts of both estimated and desirable
inner dimensions, t-value is found as -1.2371. This value again indicates that since absolute value of
-1.2371 does not exceeds the t-critical value the closeness is reasonable.
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Effects of prior knowledge require a change from the view that learning is absorption of
transmitted knowledge, to the view that learning is conceptual change (Resnick, 1983; Champagne,
Gunstone, & Klopfer, 1985). Learning to occur through a transformative, restructuring process can
be expected that produces integrative wholes that coordinate pre-existing parts. Refinement and
restructuring occurs incrementally and gradually; conceptual change is hard work and takes a long
time (Roschelle, 1995). Prerequisite examinations and actual examination are used in the elaboration
of adequateness of transformation of prior knowledge.
In this manner, it is indicated that, actual model does not consist and measure only one of
ability and it does not concentrated on one dimension. Actual model on the strength of two
prerequisites and the current course itself is three dimensional. Therefore, a course is elaborated
from the dimensionality and at the same time quality point of view, thus current state proves that
implemented course has adequate quality with regard to the appropriate utilization of broad
perspective of background knowledge.
Subsequent Mat Lab code results summarize the whole explained information above.
Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef

StdErr

tStat

0.054449

0.31108

-0.31626

0.0037231

-84.9448

-0.048397

0.0045053

-10.7422

0.175035

pVal
0.86123
3.7384e-157
0

Table_of_ANOVA
Source

df

SS

MS

Regr 2.0000

10046.5229

5023.2614

Resid 197.0000

269.6059

1.3686

Total 199.0000

10316.1287

Principal Components Coefficients
-0.3163 -0.0484
Estimated Contributions of Inner Dimensions
85

F
3670.4785

P
0.0000

0.2024

0.2478

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
0.9211

0.8291

t-values of deviation of sum of pattern inner contributions from estimated one
-1.2371
t-value of t-criterion for 0.95 confidence level and for degrees of freedom 197.0000
1.6526>>

3.3.2. Undesirable Actual Model: One of the Estimated Inner Dimensions and
Total Impact of Both Inner Dimensions Exceeds “a Desirable Coefficient and
Desirable Total Impact” Respectively
In the education process different situations can be faced when the focus is the quality of a
course. Beside acceptable, adequate actual courses, insufficient implementation of courses also can
be find place in the education cycle. Different scenarios are taken into the consideration with respect
to the experts‟ opinions, to represent effectiveness of our proposals and here undesirable
(unqualified) case is researched.
Desired impacts for a well-organized, satisfactory actual course are considered as
.
As it was mentioned in our study regression is done on the principal components. Right singular
vector matrix which is found by singular value decomposition is shown below
*

+,
+, and since

*

,

Contributions of implicit inner dimensions of actual examination is found with respect to V and
as
*

+.
Using MatLab code which is written for the documentation of the impacts of dimensions

the following results are obtained:
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Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef

StdErr

tStat

pVal

0.054449

0.31108

0.1750351

0.86123

-0.38325

0.0037231

-102.9392

3.1381e-173

-0.12264

0.0045053

-27.22082

1.1193e-068

Table_of_ANOVA
Source

df

Regr 2.0000

MS

SS
15557.3142

Resid 197.0000 269.6059

7778.6571

F
5683.8359

P
0.0000

1.3686

Total 199.0000 15826.9201
Principal Components Coefficients
-0.3833 -0.1226
Estimated Contributions of Inner Dimensions
0.2024

0.3478

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
0.9211

2.5633

t-value of deviation of sum of pattern inner contributions from estimated one
-2.4720
In the actual examination, estimated first regression coefficient is found “

” and

with respect to the first t value “0.9211”, share of the prerequisite 1 is acceptable. However,
according to the second internal estimated dimension

, t-value “2.5633” is larger than

t-critical value “1.6526” for the degrees of freedom197, thus situation cannot be explained as
randomness, and contribution of the prerequisite 2 is not acceptable so, our null hypothesis should
be rejected.
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While total impact of the two prerequisites is 0.35 in the pattern model, total impact of
estimated coefficients of inner dimensions in the actual model is 0.5502 and these results are very
far from each other. Comparison of deviation of the total impact (sum of inner contribution of
pattern model) from the inner contribution of estimated model is done with respect to the covariance
of the pattern model, error between actual exam grades and desirable pattern grades for degrees of
freedom 197.

+, and

*

Using the above given covariance matrix of prerequisites X, and mean squared error 1.3686,
t-value is found as -2.4720 and it is greater than t-criterion value “1.6526”, therefore, such actual
examination cannot be considered as acceptable model on the strength of the total impacts of
estimated coefficients and pattern coefficients too. It is obvious that examination is three
dimensional (prerequisite 1, prerequisite 2 and actual examination) but the problem is that
distribution of previous courses are highly represented in the actual exam.
This situation affects the quality of the actual course. Because almost 35% of the second
prerequisite allows explaining the current exam, this case can be considered as the indicator of the
lack of the transformation of new knowledge which should be given in the current semester. It may
be interpreted that actual examination significantly depends on the old taught knowledge in the
previous courses since total sum of implicit coefficients are approximately 0.55. This case depicts
that new course has high relation with background knowledge. From the quality point of view a
course should increase the capacity of students; however it can be interpreted that given sample
course does not satisfy such condition adequately.

3.3.3. Undesirable Contribution of one of Inner Dimensions but Acceptable Total
Impact
In this part the purpose is to demonstrate different scenario to show the validity of our
theoretical approach. For that reason new data is designated on the strength of the contribution of the
estimated new coefficients. Simply when we directly analyze that data in the MatLab code we see
that for the actual exam estimated inner dimensions are 0.2524 and 0.1478 respectively. At the same
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time contribution of the inner dimensions is given as 0.1500 and 0.2000 for the pattern model. Based
on the t-values, the first prerequisite t-value is determined as 1.7985 and statistically it is significant
that the null hypothesis should be rejected. This situation shows that there is difference between
contribution of the estimated inner dimensions of the first prerequisite and coefficient of the pattern
model‟s first prerequisite which cannot be describe because of randomness.

So, the first estimated

contribution is not agreeable.
With regard to contribution of the second inner dimension, t-value is obtained as -0.9042 this
is the case that allows acceptance of the contribution of the estimated second prerequisite. Besides,
while the total impact of the estimated coefficients is approximately 40% this impact in the actual
exam is acceptable because t-value is -0.6196. In fact the desirable total impact

was

35%.

Algebraically there is not so big difference (only 5%), and for the share of prerequisites in the actual
exam this difference can be acceptable with respect to t-value. As a conclusion it can be interpreted
that the actual exam is three dimensional and it almost satisfies the assumptions of the qualified
exam. Summary analysis based on the regression on the principal components is given below.
Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef
0.054449

StdErr

tStat

pVal

0.31108

0.175035

0.86123

-0.28638

0.0037231

-76.9207

6.5235e-149

0.059341

0.0045053

13.1715

0

Table_of_ANOVA
Source

df

SS

MS

F

Regr 2.0000 8320.3473 4160.1737 3039.8235
Resid 197.0000 269.6059

1.3686

Total 199.0000 8589.9532
Principal Components Coefficients
-0.2864

0.0593

Estimated Contributions of Inner Dimensions
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P
0.0000

0.2524

0.1478

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
1.8005 -0.9052
t- value of deviation of sum of pattern inner contributions from estimated one
-0.6196
As a conclusion one of the estimated contributions of the inner dimensions exceeds desirable
contribution, however, total impact of both inner dimensions does not exceeds the desirable total
impact.

3.3.4. Undesirable Contribution of Inner Dimensions and Unacceptable Total
Impact
In the previous three cases different possibilities are discussed. Additionally very important a
new scenario is elaborated in the fourth case. According to the new data the following results of the
actual exam is obtained.
Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef

StdErr

tStat

0.054449

0.31108

-0.091005

0.0037231

-24.4433

1.4532e-061

-0.022679

0.0045053

-5.03393

1.0809e-006

0.175035

pVal
0.86123

Table_of_ANOVA
Source

df

Regr 2.0000

SS
854.1809

Resid 197.0000 269.6059

MS

F

P

427.0905 312.0734
1.3686

Total 199.0000 1123.7868
Principal Components Coefficients
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0.0000

-0.0910 -0.0227
Estimated Contributions of Inner Dimensions
0.0524

0.0778

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-criteria values of deviation of pattern inner contribution from estimated ones
-1.7172 -2.1192
t-criterion values of deviation of sum of pattern inner contribution from estimated one
2.7146
Desirable pattern model coefficients are described as

. Closeness of

those pattern parameters and estimated contributions are again detected with respect to t-values. Tvalues are found as -1.7172 and -2.1192 with regard to prerequisite 1 and prerequisite 2
respectively. Both of them are greater than t-critical value and statistically both contributions of
estimated inner dimensions are not acceptable, null hypothesis should be rejected. There is
distinctive difference between expected inner contributions
and

,

and estimated coefficients

respectively. Meaning of those estimated regression coefficients is

that effects of both prerequisites are very weakly observed in the actual exam.
As it was mentioned previously both prerequisites and actual exam itself are based on the
similar and parallel abilities. They are considered in the same frame work of courses. In this sense,
relation between the courses is obvious from the pedagogical point of view. According to the
assumptions of Item Response Theory ability of a student is invariant for the particular time.

In

general, “if the conditions of the exams and level of teaching is reliable” when a student is
successful /unsuccessful in a course, the same student should be again successful/ unsuccessful in
the similar and connected topics or corresponding new course. This approach can be generalized to a
group of students too. Thereby, relation between current course and background courses can be
analyzed based on the exam results of those courses. Usage of pre-gained knowledge is important to
increase the level of a course because new knowledge and new talents are constructed on those
bases. Inadequate level of education process does not consist of those bases. Reflection of
prerequisites should be observed in a good quality exam.
In this context, while in a qualified course the expected impact of a prerequisite is determined
15% (

), if contribution of a prerequisite is very low (almost 5%) like faced above
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(

), that situation can be interpreted as lack of usage of pre-knowledge or lack of

connection among pre-gained and current knowledge.
It is given that

but estimated contribution is

for prerequisite 2.

According to those coefficients, t-values are getting as -1.7172 and -2.1192, and both exceed tcritical value (1.6526). Hence, impact of the two of the estimated inner dimensions for the actual
exam does not acceptable. In the current course relation between background information and new
one is not observed sufficiently. Furthermore, total impact of those estimated contributions of inner
dimensions is approximately 13% and expected total impact was determined as 35%. Closeness of
those total impacts using t-test described. Eventually, actual model and pattern model are very far
from each other from the total impact analysis point of view with regard to t-value (2.7146). Thus,
actual model is not acceptable and allowable. The actual course highly concentrated on one
dimension, course itself.

92

3.4. MULTICOLLINEAR PREREQUISITES
In Linear Algebra term of multicollinearity is the indicator of the linear dependence between
vectors. Multicollinearity shows that there is not enough variability in the values of the independent
variables. Multicollinearity and singularity are issues which are derived from the having a
correlation matrix with too high of correlation between variables. High correlation among those
variables is reason of little variation. Multicollinearity is when variables are highly correlated (0.90
and above), and singularity is when the variables are perfectly correlated (Wulder, 1998).
Based on the principals of multicollinearity, using the principals of logistic function which is
explained in the data simulation part of chapter 3, normally distributed prerequisite 1 is generated,
after that using the definition of the multicollinearity which is given in 2.4.1, two prerequisites are
generated as linearly dependent on each other by the equation MMMM (in section 2.4.1). Normality
of prerequisite 1 and the prerequisite 2 is demonstrated with their histograms below:
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Figure 15: Gaussian distribution of prerequisite 1, illustrated by the histogram.
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Figure 16: Gaussian distribution of prerequisite 2, illustrated by the histogram.
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Correlation between variables is represented by scatter plot as bottom:
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Ill-conditioned Data
60
40
20
0

0
20
y = 0.4951x + 2.3376
R² = 0.9782

40

60
80
Prerequisite 1

100

120

Figure 17: Scatter plot of ill-conditioned data.
Degree of collinearity is identified between highly intercorrelated variables on the strength of
condition index in this study. The standard measure of ill-conditioning in a matrix is the condition
index. In this context theoretically to show the level of multicollinearity Condition Index is used.
For that reason eigenvalues of the prerequisites are calculated with respect to singular value
decomposition method. The magnitudes of those eigenvalues are given in the following chart.
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Figure 18: Eigen values representation in ill-conditioned data.
Using the condition index (CI) level of the collinearity is detected. The eigenvalues of
are the squares of the singular values of X. Using the following equation,
(

)

.

CI is calculated as 42.19497 and since it exceeds 30 (CI is determined in the section 2.4.2) it
is obvious that this is the case of severe multicollinearity; the coefficient of correlation between
grades of prerequisite examinations is very high,
.
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Figure 19: 3D-illustration, dots show actual exam grades, bold stars represent principal
components of the actual exam grades.
According to the correlation among principal components and prerequisites, factor loadings
(Guilford, 1954) of the first and second principal component in prerequisite 1are found as -0.99 and
0.44. Loadings of first and second principal components in prerequisite 2 are -0.99 and 0.30
respectively. In the next figure, it is depicted that multicollinear variables (grades of two
prerequisites) when transformed onto the principal components first principal component can
explain and represents almost all of the variability of the data (99 %). In the study purpose is not to
reduce the dimensionalities, instead to avoid the collinearity without loss of any information, usage
of both principal components is advised and estimation of regression coefficients of actual model is
done with regard to those components.
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Figure 20: Scatter plots of the principal components.
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In this part, above mentioned nearly perfect multicollinear prerequisites and actual
examination are taken under the consideration. Different four cases are searched to analyze how the
case of multicollinearity affects the dimensionality elaboration where data is ill-conditioned.
Any evaluation of changing in variation of regression coefficients requires choosing of
measurement units. Universal measurement for any concrete case depends on residuals or standard
error of regression. Deviation with respect to trend line depends on that error term. The changes
between actual exam grades and pattern model grades with respect to the impact of the error term
are illustrated below in figure 21:

Figure 21: Demonstration of effects of changing impact of error term between actual model and
pattern model.
To increase the accuracy of the theoretical implementation of the thesis study impact of the
error term decreased from 1 to the 0.8. Among various implementations to compare closeness of
both models best approximation and meaningful results are obtained for the coefficient 0.8.
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According to the theory introduced in second chapter (see 2.5.2) using inner product of
principal components of prerequisites,

can be found by dot product of

. When

diagonal non-zero elements of L, singular values, are 982.41 and 23.28:

+, and

*

is calculated by the dot product of grades of actual examination and principal
components (

) and it is found as
[-221816.776211426

Thus from
*

-117.754035506911].

coefficients of principal components are found as
+.

Using SVD of matrix of prerequisites
*

+.
Inner product of matrix of right singular vectors V and

gives estimated contributions of

internal dimensions:
*

+.

Until here it is shown that principal component based method works adequately to evaluate
coefficients of regression. As it is depicted before to compare those estimated coefficients of actual
model and desirable coefficients of pattern model MatLab code is generated. In the comparison of
theoretical implementation outputs and MatLab code outputs approximately the difference between
estimated first alpha coefficients is 0.002 and difference between second alpha coefficients is 0.007.
It is clear that these differences are negligible. For the simplicity that code would be used in the
next parts.
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3.4.1. Desirable Closeness of Actual and Pattern Model among Multicollinear
Prerequisites
When comparison of pattern model and actual model is done, while the contribution of the
internal dimensions is defined as 0.15 and 0.20 for the desirable pattern model; contributions of
estimated inner dimensions are found as 0.1038 and 0.2924 in the actual model. In such case
closeness of those contributions is detected by t-test and t values are discovered as -1.1091 and
1.1090.
The t-value -1.1091 indicates that closeness of the contributions of desirable inner dimensions
of pattern model and estimated implicit dimensions of actual model has acceptable magnitude for
the prerequisite 1. Besides, the closeness comparison of those contributions for prerequisite 2 is
1.1090 and it is acceptable too; since both of the t-values are less than the t-critical value (1.6526)
for degrees of freedom 197.
Appropriateness of the total impact of the contributions of the internal dimensions is checked
for actual and pattern model. Experts‟ expected total impact is defined as 35%, and based on the
difference among the sum of estimated hidden dimensions and predefined implicit internal
dimensions “alpha values”, covariance matrix of those prerequisites and error term, total impact of
estimated model is calculated as -0.4953. In the actual model total impact is approximately 0.41.
Actually total impact is 0.3462 for the estimated actual model. This t-value statistically shows the
convenience of the implementation and evaluation process of the actual course under interest.
As a conclusion closeness of desirable and estimated model is proved with regard to
comparison of contributions of inner dimensions in both models. In the light of the previous
discussions such kind of model represents that balance of the usage of background knowledge and
new information is satisfied. Actual course can be considered as the three dimensional and this
situation increases the quality of that course. The following Mat Lab code outputs summarize the
case.
Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef
0.080961
-0.22874

StdErr

tStat

0.204

0.396859

0.0029009

-78.853

pVal
0.6919
5.7316e-151
98

-0.20957

0.044633

-4.69526

4.9815e-006

Table_of_ANOVA
Source

df

SS

MS

F

P

Regr 2.0000 6256.3896 3128.1948 3562.8489
Resid 197.0000 172.9667

0.0000

0.8780

Total 199.0000 6429.3563
Principal Components Coefficients
-0.2287 -0.2096
Estimated Contributions of Inner Dimensions
0.1038

0.2924

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-criteria values of deviation of pattern inner contribution from estimated ones
-1.1091

1.1090

t-criterion values of deviation of sum of pattern inner contribution from estimated one
-0.4953
t-value of t-criterion for 0.95 confidence level and for degrees of freedom 197.0000
1.6526>>
Additionally, p-values 5.7316e-151 and 4.9815e-006 indicates that, regression coefficients of
principal components -0.2287 and -0.2096 are statistically significant. Corresponding t-values are 78.853 and -4.69526. Both of the p and t-values describe adequateness of coefficients, thus rejection
of null hypothesis which is defined as coefficients are zero.

3.4.2. One of the Estimated Inner Dimensions and Total Impact of Both Inner
Dimensions Exceeds “a Desirable Coefficient and Desirable Total Impact”
In the new example while the desirable pattern coefficients are described as
, estimated regression coefficients of the actual model (inner dimensions) are
found as

and

respectively. Algebraically the difference between
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and

is 0.1038 and based on this difference. Besides, since diagonal elements of covariance matrix
represent the magnitude of the prerequisites to evaluate the closeness of the regression coefficients it
is necessary to use that covariance matrix too. The covariance matrix of the prerequisites

,

+, and

*

Using mentioned difference, covariance matrix and the sum of squared residuals in degrees of
freedom 197, “SSR=0.878”; the corresponding t-value is 3.2090 which exceeds t-critical. Therefore,
the impact of the contribution of the inner dimension for the prerequisite 1 in the estimated model is
not acceptable.
When the difference between the estimated alpha and the desirable alpha coefficient is 0.0424
for prerequisite 2 using the same methodology which is given for the prerequisite 1, corresponding
t-value is 0.5086 and this shows acceptance of the estimated impact of the contribution of the second
inner dimension for actual exam.
Principal Components Coefficients
-0.3643 -0.0810
Estimated Contributions of Inner Dimensions
0.2838

0.2424

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contribution from estimated ones
3.2090

0.5086

t-values of deviation of sum of pattern inner contribution from estimated one
-1.8912
According to the results of principal component based analysis which is given above, total
impact of the contributions in the estimated model is approximately %53. In the comparison of the
total impact of the contribution of the inner dimensions in the desirable model and in the actual
model, t-value is calculated as

-1.8912 and this indicate that such kind of total impact for the

actual exam is large and this closeness is not acceptable, there is reasonable difference between
desirable and estimated total impact which cannot be identified by randomness.
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In conclusion based on the current course, that actual exam should not be accepted as
adequate. Actual exam is three dimensional but this dimensionality is mostly based on the
prerequisites although desirable impact was determined 35%.

3.4.3. One of the Estimated Contribution of the Inner Dimension Exceeds
Desirable Contribution however Total impact of Both Inner Dimensions does not
exceeds the Desirable Total Impact
Similar analysis is done for another case. Estimated contributions of internal dimensions are
found as

and

. The impact of the contributions of the internal dimensions

for prerequisite 1 is not acceptable. Because t-value is 3.6888 and it exceeds t-critical.

However,

closeness of estimated coefficient and pattern coefficient for prerequisite 2 is acceptable since tvalue is -1.2925 and less than t-critical.
Analysis of Results of Regression on Principal Components
Principal Components Coefficients
-0.3558

0.0843

Estimated Contributions of Inner Dimensions
0.3538

0.0924

Pattern Contributions of Inner Dimensions
0.2000

0.2000

t-values of deviation of pattern inner contribution from estimated ones
3.6888 -1.2925
t-values of deviation of sum of pattern inner contribution from estimated one
-0.4953
Total impact of the desirable coefficients is 40% and approximately estimated total impact is
found as 45% in the actual model. Although contribution of prerequisite 1 is highly observed in the
actual exam, total impact of contributions of internal dimensions is still acceptable in the actual
exam, t-value (-0.4953) is less than t-critical.
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As a conclusion this case is three dimensional, but there is higher relation with prerequisite 1.
There should be relation among pre-gained knowledge and abilities and currently going on course.
In the chapter 1 it was mentioned that well-organized education cycle requires transformative
teaching and learning processes. Such transformative process requires integrative instruction to
coordinate prior knowledge and abilities adequately and to connect them with the concurrent course
conveniently. From the above given analysis, it can be interpreted that in the solution phase there
exist mostly connection among prerequisite1‟s examination and actual examination. However, this
connection should be balanced for good quality education process.

3.4.4. Undesirable Contribution of Both Internal Dimensions and Unacceptable
Total Impact
In the last scenario, principal components based analysis is done and following outcomes are
obtained:
According to actual model estimated regression coefficients (internal dimensions) are found
as

. Corresponding t-values are calculated as -3.0283 and -1.8929.

These t-values obviously show unaccepted contributions of the implicit dimensions in actual model.
Principal Components Coefficients
-0.0850 -0.0028
Estimated Contributions of Inner Dimensions
0.0738 0.0424
Pattern Contributions of Inner Dimensions
0.2000 0.2000
t-criteria values of deviation of pattern inner contribution from estimated ones
-3.0283 -1.8929
t-criterion values of deviation of sum of pattern inner contribution from estimated one
3.0482
A residual is defined as the difference between the actual value of the dependent variable and
the value estimated by the model. Where the sum of squared residuals is calculated as 172.9667,
mean squared residuals is 0.8780 for degrees of freedom 197.
According to (Roschelle, 1995) prior knowledge has diverse and pervasive effects on the learning. A
large body of findings shows that learning proceeds primarily from prior knowledge, and
secondarily from the presented materials. Neglect of prior knowledge can result in the audience
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learning something opposed to the educator's intentions, no matter how well those intentions are
executed in an exhibit, book, or lecture. New knowledge is built on existing knowledge. In this
implementation expected closeness of the actual and pattern model is not obtained with respect to
those prerequisites. Although 40% of the total impact of the contributions of the internal dimensions
is expected, total impact of estimated inner dimensions is 15%.
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3.5. UNCORRELATED PREREQUISITES
In the last implementation of the thesis study dimensionality of the concurrent examination is
analyzed with respect to uncorrelated examinations of the prerequisites. Coefficient of correlation
between them is (-0.06255). Those uncorrelated examinations are represented below with scatter
plot.
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Figure 22: Scatter plot of uncorrelated two prerequisites.
Average of the grades of the prerequisite 1 is 70.8 and average value of the grades of the
prerequisite 2 is 70.1. Standard deviation of the grades of prerequisite 1 is 5.01 and standard
deviation is 5.04 for the second prerequisite‟s grades. Normality of those prerequisites is represented
below with their histograms:
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Figure 23: Gaussian distribution of grades of prerequisite 1.
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Figure 24: Gaussian distribution of grades of prerequisite 2, by histogram.
As it is mentioned before, principal components based regression is done (see 2.5.1 and
2.5.2) in the research. Correlation among principal components is 0.004515, almost zero! Our
purpose is detecting effectiveness and convenience of components based method in uncorrelated
data. Uncorrelated principal components are represented below.
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Figure 25: Scatter plot of the principal components.
Using SVD method, matrices of right and left singular vectors are calculated and determined
as V and U. To obtain principal components of independent variables, prerequisites, dot product of
U and matrix of singular values L is used (P=U*L). It is possible to use X*V to find same principal
components.
Diagonal elements of matrix of singular values L are 1410.40296318200 and
73.1705854815163.
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Vector of grades of actual examination and above mentioned principal components are used
to find
.
[

],

and dot product of L and transpose of L gives

which is suggested below:

*

+.

Therefore, beta coefficients (

) are:

[
When right singular vectors matrix V is

].

*

+,

estimated contributions of internal dimensions are
*

+.
After that like the previous two implementations MatLab code is used to compare closeness

of estimated and desirable contributions of internal dimensions among actual model and pattern
model. (It is represented that difference between estimated coefficients in theoretical
implementation and in MatLab code is only 0.005. Such a small difference is negligible. Hence,
usage of code is offered for simplicity and saving from time).

3.5.1 Desirable Closeness of Actual and Pattern Model with respect to
Uncorrelated Prerequisites
Outputs of the MatLab code with regard to new implementation are given below:
Analysis of Results of Regression on Principal Components
Table_of_Reg_Coeff =
Coef

StdErr

0.74003

0.59041

-0.31085

0.0059201

tStat

pVal

1.25341

0.21154

-52.5081

8.6491e-118
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-0.03005

0.0055604

-5.4043

1.8672e-007

Table_of_ANOVA
Source

df

Regr 2.0000

SS

MS

F

P

461.6487 230.8244 1394.4649

Resid 197.0000 32.6092

0.0000

0.1655

Total 199.0000 494.2579
Principal Components Coefficients
-0.3109 -0.0301
Estimated Contributions of Inner Dimensions
0.1998

0.2400

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
0.6145

0.4962

t-value of deviation of sum of pattern inner contribution from estimated one
-0.7856
t-value of t-criterion for 0.95 confidence level and for degrees of freedom 197.0000
1.6526>>
It is found that estimated coefficients are

*

+.

Desirable contributions of internal dimensions of pattern model are described as 0.15 and
0.20. To compare the admissibility of these coefficients t-statistics is used and that comparison is
made by the following code:
CV=cov(X1);
t=(ALET-ALFA).*sqrt(diag(CV)/er);
As it is shown above we need to evaluate covariance matrix of the vectors of two
prerequisites. That covariance matrix is found as:
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*

+.

While sum of squared errors is 32.6092 for degrees of freedom 197; mean squared error is
0.1655 which is represented in the code above as “er”. According to defined entries, t-values of
deviation of implicit contributions of pattern model from estimated ones are 0.6145 and 0.4962.
Hence, contributions of both internal dimensions are acceptable. Total impact of estimated
contributions of actual model is approximately defined as 44%. Total impact was expected as 35%
in the pattern model. t-value of deviation of sum of pattern model‟s inner contributions from
estimated one -0.7856. That is the indicator of acceptable total impact of actual model. The actual
examination has satisfactory relation with pattern model‟s prerequisites. It can be considered that
examination of current course is three dimensional. That should be result of convenient
implementation of knowledge transformation process with regard to complementary usage of prelearned knowledge and recently gained knowledge and abilities.
Based on the results of regression on principal components corresponding p-values are
8.6491e-118 and 1.8672e-007 for the first and second regression coefficients of PCs. Both of pvalues are less than 0.05 and thus they are statistically significant. It means that, those coefficients
are not zero they are acceptable. Concurrently, t-values with regard to principal components are 52.5081 and -5.4043.

These t-values show the same result like p-values.

3.5.2. One of the Estimated Inner Dimensions and Total Impact of Both Inner
Dimensions Exceeds “a Desirable Coefficient and Desirable Total Impact”
Here focus is on different type of uncorrelated examinations of prerequisites. According to
actual examination comparison of actual model and pattern model is done using the previously
expressed methodology (see 2.5.2). First of all, regression coefficients of principal components are
found as -0.3819 and 0.0403. On the strength of those coefficients p-values are calculated as
1.9421e-134 and 9.492e-012.They are less than 0.05 and it is the reason to reject the null hypothesis
which is defined as coefficients are zero. Similarly, t-statistics are -64.5145 and 7.24604; since they
exceed t-critical (1.6526) they indicate the same thing, rejection of null hypothesis. This result
suggests convenience of coefficients of principal components.
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Principal Components Coefficients
-0.3819

0.0403

Estimated Contributions of Inner Dimensions
0.2998

0.2400

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
1.8480

0.4962

t-value of deviation of sum of pattern inner contributions from estimated one
-1.6601
Estimated contributions of hidden dimensions are 0.2998 and 0.2400; while desirable
contributions of dimensions are determined as 0.15 and 0.20. T-values of deviation of pattern‟s
internal contributions from estimated contributions are 1.8480 and 0.4962. Hence, although
contribution of second internal dimension is acceptable, contribution of first internal dimension is
not acceptable. There is almost 15% difference between contribution of first desirable internal
dimension and first estimated contribution of actual model. Correlation among first prerequisite and
actual examination is found as 0.75 while correlation between prerequisite 2 and actual is 0.58. It is
observed that, while impact of estimated coefficient is high corresponding correlation also is high.
Total impact of estimated contributions of implicit dimensions is approximately 54%, and
with respect to t-value (-1.6601) that total impact is exceeds desirable total impact (35%). It can be
interpreted that there exist unbalanced implementation.

3.5.3. One of the Estimated Contribution of the Inner Dimension Exceeds
Desirable Contribution however Total impact of Both Inner Dimensions does not
exceeds the Desirable Total Impact
In new group of uncorrelated examinations and actual examination, correlation coefficient
among prerequisite 1and actual exam is 0.873770589; correlation among prerequisite 2 and actual
examination is 0.366268609. Correspondingly estimated actual examination parameters are 0.2998
and 0.14. First parameter is not acceptable since corresponding t-value (1.8480) exceeds t-critical.
Second estimated contribution of internal dimensions is admissible.
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Principal Components Coefficients
-0.3116

0.1114

Estimated Contributions of Inner Dimensions
0.2998

0.1400

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
1.8480 -0.7438
t-value of deviation of sum of pattern inner contributions from estimated one
-0.7856
Comparison of total impact shows that with respect to t-value (-0.7856) there is convenient,
total impact of estimated contributions of internal dimensions. Total impact is 44%. There is 9%
distinctness from the pedagogical point of view it is acceptable. In fact such kind of different
implementations are to give hints how to interpret adequateness of the examination, how to depict
dimensionality of the examination and how to compare desirable model and actual model which is
determined with respect to experts‟ opinions. Of course there should be a relation between
previously implemented examinations and current exam. Here it is purposed to give general idea
about detecting dimensionality and connecting that dimensionality with the quality of the
corresponding course and concurrent exam. In reality it is possible to encounter with above given
type of exam.

3.5.4. Undesirable Contribution of Both Internal Dimensions and Unacceptable
Total Impact
In the pattern model, desirable coefficients of regression are determined as

and

respectively. Estimated regression coefficients of actual model are found as
and

. A correlation among prerequisite 1 and actual examination is 0.464809847 where

correlation among prerequisite 2 and actual examination is 0.364668139. It is obvious that while
contribution of internal dimension decreases, correlation among prerequisites and actual
examination decreases too.
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In fact those correlations were considered higher on the strength of desirable model.
Therefore, there should be problematic, unexpected implementation in actual examination.
Comparison of estimated regression coefficients and pattern model coefficients suggested that those
regression coefficients are not close to each other since both t-values (-1.8527 and -1.9837) exceeds
critical t-value. Besides, total impact of the estimated contributions of implicit dimensions is very
low (9%). However, desirable total impact was considered as 35%.
Estimated Contributions of Inner Dimensions
0.0498

0.0400

Pattern Contributions of Inner Dimensions
0.2000

0.2000

t-criteria values of deviation of pattern inner contribution from estimated ones
-1.8527 -1.9837
t-criterion values of deviation of sum of pattern inner contribution from estimated one
2.7125
Similar to above given example, in new implementation both estimated coefficients are not
acceptable, but oppositely they are not like previous coefficients so low. Estimated contributions of
internal dimensions are 0.2998 and 0.39. If we compare with above given example, while the impact
of the estimated contributions of internal dimensions increases consequently correlation among
prerequisites and actual examination increases too. When we compare prerequisite 1 and actual
model, later prerequisite 2 and actual model, those correlations are 0.567422082 and 0.769395843
respectively.
Principal Components Coefficients
-0.4874 -0.0663
Estimated Contributions of Inner Dimensions
0.2998

0.3900

Pattern Contributions of Inner Dimensions
0.1500

0.2000

t-values of deviation of pattern inner contributions from estimated ones
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1.8480

2.3561

t-value of deviation of sum of pattern inner contribution from estimated one
-2.9718
Estimated regression coefficients and desirable coefficients are compared with regard to ttest. T-values are 1.8480 and 2.3561, they exceed t-critical and hence both of the estimated
coefficients are not acceptable. They represent unsatisfactory relation among pattern and actual
model. Using the below given MatLab code t-value of the deviation of the sum of the desirable
contributions of the internal dimensions from the estimated contributions is found.
d=sum(ALFA)-sum(ALET);
sigmat=sqrt(sum(er./diag(CV)));
t=d/sigmat;
Correspondingly, total impact of estimated coefficients is almost 69% and based on the
covariance matrix of prerequisites, mean squared error (0.1655); t-value is found -2.9718 which is
not admissible. Last two examples are problematic, situation and main reasons should be analyzed
in detail, otherwise the real ability level of pupils cannot be represented truly.
According to mentioned methodology (2.5.2) with respect to principal components, SVD
and t-test detailed detection of the pattern model and actual model, their comparison, closeness of
the regression coefficients is done. In the part 3.6 four different cases are examined. The goal is
giving idea about how to identify dimensionality and correspondingly quality of actual examination
and course.
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CONCLUSION
Uncorrelated, low correlated and multicollinear three types of data are used. A course is
elaborated from the dimensionality and at the same time from the quality point of view in each of
the mentioned type of data. Mainly four cases and 12 different conditions are analyzed in detail. In
general following results are obtained for uncorrelated, low correlated and nearly perfect
multicollinear data.
Case 1:
Desirable closeness of the actual and pattern model is provided with respect to the
prerequisites to determine the quality of the examination. T-values are found as statistically not
significant with regard to the predefined desirable pattern model coefficients. This situation requires
acceptance of the null hypothesis which is defined as “estimated contribution of inner dimensions of
actual course is equal to the pattern model‟s desirable inner dimensions”.
It is indicated that, actual model does not consist and measure only one of ability and it does
not concentrated on one dimension. Actual model on the strength of two prerequisites and the
current course itself is three dimensional. Therefore, implemented actual examination and
correspondingly actual course has adequate quality with regard to the appropriate utilization of
broad perspective of background knowledge which are identified here as prerequisites.
Case 2:
Undesirable contribution of inner dimensions and unacceptable total impact are obtained in the
generated second type of data. Desirable closeness of the actual and pattern model is not satisfied
with respect to the prerequisites. There is distinctive difference between expected contributions of
inner dimensions and estimated inner dimensions respectively. Contribution of inner dimensions
means that, effects of both prerequisites are very weakly observed in the actual exam.
As a conclusion with regard to calculated t-value, actual model and pattern model are very far
from each other from the total impact analysis point of view too. The actual course highly
concentrated on one dimension. Relation among actual course and pre-gained knowledge is not
experienced appropriately. In this context, that situation can be interpreted as lack of usage of preknowledge or lack of connection among pre-gained and current knowledge. Connections related
with both prerequisites are very weakly observed in the actual exam. It can be interpreted that actual
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model is not acceptable for each of dimensions and total impact as well. The actual course is highly
concentrated on one dimension course itself.
Case 3:
Expected closeness of the actual and pattern model is not faced with respect to the
prerequisites. Desirable inner dimensions and estimated inner dimensions are far from each other.
Distribution of the prerequisites is highly observed in the actual exam. An adequately
implemented examination and corresponding course should increase the relevant ability of students.
However, the analyzed examination and concurrent course does not satisfy such condition properly
since it is mostly connected with background knowledge based prerequisite examinations.
Case4:
In the fourth case, there is a difference between one of the contribution of the estimated inner
dimensions and contribution of the pattern model‟s first prerequisite which cannot be described
because of randomness. While first estimated contribution is not agreeable second one is acceptable
with regard to t-test. Besides, total impact of the contributions of the implicit dimensions is suitable
in the actual model. In reality, it is possible to encounter with this given type of exam. As a
conclusion, one of the estimated contributions of the inner dimensions exceeds desirable
contribution, however, total impact of both inner dimensions does not exceeds the desirable total
impact. It can be interpreted that the actual exam is three dimensional and it almost satisfies the
assumptions of the qualified exam.
Eventually, according to (Roschelle, 1995) prior knowledge has diverse and pervasive effects
on the learning. A large body of findings shows that learning proceeds primarily from prior
knowledge, and secondarily from the presented materials. Neglect of prior knowledge can result in
the audience learning something opposed to the educator's intentions. In the light of mentioned ideas
a course is elaborated from the dimensionality and simultaneously from the quality point of view
with regard to prerequisites. Closeness per each dimension and closeness in the whole is detected.
Different four situations are faced. Those implementations are developing a methodology to clarify
the appropriate usage of prerequisites and to use them as estimator of dimensionality. Results of the
analyses can be used as hints for the quality determination of education process. Such kind of
implementations gives hints how to interpret adequateness of the examination, how to depict
dimensionality of the examination and how to compare desirable model and actual model which is
determined with respect to experts‟ opinions.
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According to the determined objectives which are defined in Chapter I the following
results are obtained:


Conception of internal dimensionalities is determined;



Designing of mathematical model of internal dimensions and their impact on an actual
examination is realized;



Coefficients of regression on principal components and estimation of contributions of the
internal dimensions factors are theoretically determined and evaluated;



Regression coefficients of mathematical model of internal dimensions using Conditional
Distribution Methodology and Multivariate Regression Analysis are estimated for notcorrelated internal dimensions;



Principal Component Analysis objects (principal components, Eigen values, transformation
matrices) are described and obtained with the methodology of Singular Value Decomposition
for strongly correlated dimensions;



Acceptable closeness of each of the contributions of internal dimensions and total impacts of
those contributions between actual model and pattern model is theoretically identified;



Closeness of each of the estimated regression coefficients for actual examination and desirable
pattern coefficients is elaborated, compared and expounded by test of significance.



Closeness and admissibility of total impact of estimated internal dimensions and total impact of
contributions of internal dimensions of pattern model is detected in detail and compared and
interpreted by test of significance;



Iterative method of calculations of left and right matrices of singular vectors and singular values
is implemented;



To simplify and visualize documentation process of implementations convenient MatLab code
is written.
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APPENDIX A: Regression Coefficients Determination and Closeness
Comparison of Estimated and Desirable Coefficients per Each Dimensions and
in Whole
clear
X1=xlsread('THESIS PATTERN.xlsx','S9','B5:C204');% input of prerequisites
Y=xlsread('THESIS PATTERN.xlsx','S9','D5:D204');% input of an actual exam under interest
ALFA=xlsread('THESIS PATTERN.xlsx','S9','B1:B2');% input of desired alpha coefficients
K = size(X1,2); % Number of columns in the Data matrix
N=size(X1,1);% Number of rows in the Data matrix
[U,L,V]=svd(X1);
PC=X1*V;
%function [regcoef1]=regres(ftrn2,gr2)
stats = regstats(Y,PC);
%_________________block_of Output_of_regression____________________
t = stats.tstat;
regcoef1=t.beta;
%______________block_of_output_of_regression_and correlation
r=stats.adjrsquare;
fprintf('Analysis of Results of Regression on Principal Components');
fprintf('\n')
fprintf('\n')
Table_of_Reg_Coeff = dataset({t.beta,'Coef'},{t.se,'StdErr'}, {t.t,'tStat'},{t.pval,'pVal'})

%______________block_of_output_of_ANOVA___________________________
f=stats.fstat;
fprintf('\n')
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fprintf('\n')
fprintf('Table_of_ANOVA');
fprintf('\n\n')
fprintf('%6s','Source');
fprintf('%10s','df','SS','MS','F','P');
fprintf('\n')
fprintf('%6s','Regr');
fprintf('%10.4f',f.dfr,f.ssr,f.ssr/f.dfr,f.f,f.pval);
fprintf('\n')
fprintf('%6s','Resid');
fprintf('%10.4f',f.dfe,f.sse,f.sse/f.dfe);
fprintf('\n')
fprintf('%6s','Total');
fprintf('%10.4f',f.dfe+f.dfr,f.sse+f.ssr);
fprintf('\n')
% end of regression
b=single(Table_of_Reg_Coeff(:,1));
b=b(2:K+1);% extracting of PC coefficients
er=f.sse/f.dfe;% extracting of PC regression Mean Squared Error
ALET=V*b; %computing of estimators of inner dimensions' contributions
%printing beta coefficients
fprintf('\n')
fprintf('\n')
fprintf('%10s','Principal Components Coefficients');
fprintf('\n')
fprintf('%10.4f',b);
%printing alfa estimated coefficients
fprintf('\n')
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fprintf('\n')
fprintf('%10s','Estimated Contributions of Inner Dimensions');
fprintf('\n')
fprintf('%10.4f',ALET);
%printing alpha pattern
fprintf('\n')
fprintf('\n')
fprintf('%10s','Pattern Contributions of Inner Dimensions');
fprintf('\n')
fprintf('%10.4f',ALFA);
CV=cov(X1); %computing of covariance matrix of inner factors
t=(ALET-ALFA).*sqrt(diag(CV)/er);%computing of vector of t-criteria of deviation of pattern inner
contribution from estimated ones
fprintf('\n')
fprintf('\n')
fprintf('%10s','t-criteria values of deviation of pattern inner contribution from estimated ones');
fprintf('\n')
fprintf('%10.4f',t);
%computing of t-criteria of deviation of sum of pattern inner contribution from estimated one
d=sum(ALFA)-sum(ALET);
sigmat=sqrt(sum(er./diag(CV)));
tt=d/sigmat;
fprintf('\n')
fprintf('\n')
fprintf('%10s','t-criterion values of deviation of sum of pattern inner contribution from estimated
one');
fprintf('\n')
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fprintf('%10.4f',tt);
%computing of t-inverse criteria
TINV = tinv(0.95,f.dfe);
df=f.dfe;
fprintf('\n')
fprintf('\n')
fprintf('%10s','t-value of t-criterion for 0.95 confidence level');
fprintf('\n')
fprintf('%10s','and for degrees of freedom');
fprintf('%10.4f',df);
fprintf('\n')
fprintf('%10.4f',TINV);
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APPENDIX B: Low Rank Approximation-Defining Left and Right Singular
Vector Matrices and Determining Regression Coefficients
clear
A=xlsread('Examples.xlsx','TST1','C5:D204');% input of prerequisites
Y=xlsread('Examples.xlsx','TST1','E5:E204');% input of exam under interest
ALFA=xlsread('Examples.xlsx','TST1','F5:F6');% input of expected alpha values
K= size(A,2); % Number of columns in the Data matrix
N=size(A,1); % Number of rows in the Data matrix
X=A; % memorizing initial data matrix
jj=1;
while norm(A, 'fro')>=0.001 % checking of stopping criterion: Frobenious norm of Residual matrix
A should less than required accuracy
[a,b]=LRA(L,M,A);% Low Rank Approximation of the current residual matrix A
Aa(:,jj)=a; Bb(:,jj)=b; % constructing of matrices of Left (Aa) and Right(Bb) singular vectors
(vectors are placed in columns)
A=A-a*b; % A - computation of residual matrix of current Approximation Step
SV(jj)=norm(a)*norm(b); %computing of current singular value
U(:,jj)=a/norm(a);%computing of left singular vectors
V(:,jj)=b/norm(b);%computing of right singular vectors
PC(:,jj)=U(:,jj)*SV(jj);% computing of principal components
jj=jj+1;
end;
S12=Y'*U*L;
S22=L'*L;
Beta=S12*inv(S22);
ALET=V*Beta';
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APPENDIX C: Simply Regression Coefficients Evaluation, Using Microsoft
Excel and Mat Lab:
clear
X=xlsread('Examples.xlsx','TST1','C5:D204');% input of prerequisites
Y=xlsread('Examples.xlsx','TST1','E5:E204');% input of an exam under interest
ALFA=xlsread('Examples.xlsx','TST1','F5:F6');% input of expected alphas
K = size(X,2); % Number of columns in the Data matrix
N=size(X,1);% Number of rows in the Data matrix
[U, L,V]=svd(X);
S12=Y'*U*L;
S22=L'*L;
Beta=S12*inv(S22);
ALET=V*Beta';
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