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ABSTRACT
Quality is one of the most important weapons in order to reach the success in this age. By
this weapon any company may get the competitive advantage in the market. From this point of
view, quality must be well defined and quality must be controlled at every company. what is the
maximum percentage of defective product at a production run? How many percentage is the
expected as acceptable level of the product and what is the percentage of excellent output? Those
questions must be well answered at the beginning. Furter more, a pattern of this distribution
should be drawn due to the decided acceptable parameters. However, these percentage
distributions should be well defined by using an appropriate distribution model. However, in all
known papers such distributions were approximated by either the normal distribution or by some
another well-known distributions (beta distribution, gamma distribution, Weibull distribution,
etc.). But in case of applying normal distribution the adequacy and precision of results strongly
depends on the degree of “skewness” and often may not be acceptable. In case of applying other
distributions (beta distribution, gamma distribution, Weibull distribution, etc.) the problem of
estimating adequate distribution parameters arises.
Taking into account all the above-mentioned, a new general method of using a unified
non-parametric estimation of relevant grades distributions and further application of its results to
the evaluation process of learning quality is developed in the thesis. It is important to point out
that the method does not require the execution of rather complicated procedures of estimating
distribution parameters (mean, standard deviation, third and fourth moments)). The method can
be applied to fit grades of various multiple tests and compare them with pattern distribution by
using the same unified techniques and algorithms. The approach provides forming of overall
quality criterion for all test scores and method of comparing it with pattern quality requirement.
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INTRODUCTION
In many cases the requirement for the learning process quality are given in the form : say,
“weak” (failed) students can be thought those ones whose grades are less than 60 and the
percentage of them should be 30%; “ordinary” (of acceptable level) students are those ones
whose grades are between 61 and 95 grades, the percentage of them should be 65%; in latter
range so called “middle” level students are those whose percentage is no more than 50% of total
number of students (including failed ones) and 20% of “ordinary” student; say the grade of these
“middle” students turns out to be 80 (or any other value), so the grade 80 can be considered as a
median of grades distribution; “excellent” students are those ones whose grades are above 95%
and the percentage of them is 5%. However, in all known papers such distributions were
approximated by either the normal distribution or by some another well-known distributions
(beta distribution, gamma distribution, Weibull distribution, etc.). But in case of applying normal
distribution the adequacy and precision of results strongly depends on the degree of “skewness”
and often may not be acceptable. In case of applying other distributions (beta distribution,
gamma distribution, Weibull distribution, etc.) the problem of estimating adequate distribution
parameters arises. In many cases analytical expression cannot be obtained in close form. Beside
this, when requirements for quality changes, the corresponding shapes of PDF and CDF
functions also change. As a result, it is necessary to use frequently complicated procedures of
distribution parameters estimation.
The similar task is commonly met in the area of product quality control. The quality
requirement to the product quality may look as follows. The percentage of deviation from
required level of some quality parameter must be no more than ±5% in 95 % of the output of the
product; in this case the quality of the product is regarded as “excellent”. To be regarded as
“acceptable” the product quality must be as follows: deviation from required level of the quality
parameter is ±6%-20% in 3% of the output of the product. The product quality is regarded as
“unacceptable” (or defective) if there is the deviation of more than 20% (so the percentage of
defective production must be no more than 2%). It is not clear in advance which type of
distribution should be used in this case. The above distributions (reflecting quality requirements)
are called hereinafter “pattern” distributions (functions). It is desirable that distribution of grades
of actual exams or percentage of deviation from requires quality level of a product would be as
close to the pattern distribution as possible.
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A pattern distribution presents quality requirement for total learning process (which must
take into account results of all relevant tests). That is, grades of many subjects (obtained by a
group of students in tests held during one of more courses) must match the pattern distribution in
order that the group would be regarded as successful and meeting the requirements of learning
quality. Of course, it is possible to compare grades of each actual test with the pattern
distribution and then summarize the results. But this approach is associated with a large amount
of additional and repeated calculations.
Taking into account all the above-mentioned, a new general method of using a unified
non-parametric estimation of relevant grades distributions and further application of its results to
the evaluation process of learning quality is developed in the thesis. It is important to point out
that the method does not require the execution of rather complicated procedures of estimating
distribution parameters (mean, standard deviation, third and fourth moments)). The method can
be applied to fit grades of various multiple tests and compare them with pattern distribution by
using the same unified techniques and algorithms. The approach provides forming of overall
quality criterion for all test scores and method of comparing it with pattern quality requirement.
Purpose of the Study
Generally, the proposed research purpose is to develop technique of determination of
quality level in education and production when quality level standards are given in some close
form, for example, in the form of distribution functions. In this context, the main objectives of
research are determined as follows:
•

To explore thoroughly the area via studying related works.

•

To understand and clarify the specific purposes and ideas of quality management in
education, manufacturing and business.

•

To develop techniques and methods that assist interested parties to reveal quickly
and reliably possible problems and drawbacks in this area

•

To propose scientifically sound procedures that provide comprehensive and
convenient way for investigation of problems detected

•

To propose scientifically sound and effective methods of solving problems detected

•

To develop a practically available and convenient procedures to solve the above
problems with the highest possible level of automation

•

The techniques to be developed must be applicable to the wide areas of
implementation: education, manufacturing, economics, etc.
2

Methodology
To achieve objectives set in the thesis, the following techniques and research methods have
been used:
 Advanced non-parametrical methods of fitting complex, non-standard or unknown
functional dependencies: Generalized Lambda Distribution , Piecewise Cubic
Hermite Interpolant Polinomials, Kolmogorov-Smirnov statistics
 Advanced methods of information theory: Kullback-Leibler divergence metrics
 Methods of Design of Experiments (sequential adaptive sampling)
 Methods of Global Optimization (Genetic Algorithm)
 Methods of meta- modeling based on Neural Networks (Generalized Regression
Neural Network)
 Programming in MATLAB
The Main Contributions and Scientific Novelty


The requirements for production and learning process quality are different in
various manufacturing, business and educational organizations. A new approach to
fit these requirements and evaluate the closeness of realistic (actual) quality of
production or learning processes (based on quality indicators of output or scores of
examination tests) is proposed in the thesis. The technique uses the strictly defined
approximation procedures and allows users automatically evaluate of closeness of
actual quality level when changing quality requirements.



In case of significant difference between actual and pattern distributions a new
approach (using neural network of ‘Generalized Regression Neural Network’ type)
of determining the relevant values of the factors that will bring the actual
distribution to the pattern one is proposed in the thesis. Two new and original
procedures have been developed in the thesis:


The procedure of finding relevant values of integrated factors (parameters) of
the overall quality level of learning process. The procedure is based on the
genetic algorithm (GA) and is efficient to determine and analyze quickly the
overall (integrated) quality level and critical values of relevant parameters of
learning process at an educational institution. In case of unsatisfactory quality
level, revealed by the procedure, relevant actions to improve overall quality
are proposed.

3



The GA based procedure does not discriminate between subjects which may
be characterized by different optimal values of the parameters and cannot take
into account the specific features (peculiarities) of different subjects. For
example, the average number of hours that each student has spent on home
assignments may be different for, say, mathematics and history. To cope with
this problem another procedure, which can determine unsatisfactory quality
level of learning process for separate single subject and propose the relevant
actions to improve quality of this given subject, has been developed in the
thesis.

Both procedures allow users to work in intensive interactive mode (when the
performance requirements of quality management processes are not clearly formulated enough)
or in completely automatic mode.
It should be noted that the proposed techniques and procedures are applicable to wide
range of areas: quality management of learning processes in education, products’ quality level in
manufacturing, business processes in economics, etc.
Practical Implications and Importance
The main purpose of the research is to produce a relevant framework that could be
adopted for quality management in various areas: education, manufacturing, business. The
contributions of the research are intended to be the main stream in research of quality
management. The presented work can be further developed for provision of reliable and
practically convenient methods in the above-mentioned areas.
Scope and Limitations
This study consists of statistical quality control and optimizing parameters those have
significant effect on the output. Students’ grades have been taken as sample to implement
statistical robust models. Furthermore, robust models such as artificial neural network and
genetic algorithm have been proposed to optimize those parameters. On the other hand, despite
of the same methodology could be applied on many different fields, only education field was
taken into account to propose models on. Although some different models such as Taguchi
model, design of experiment…etc. could be used in the thesis, artificial neural networks and
genetic algorithm have been used.

4

Research question
Problem of this thesis is to optimize the parameters that affect the grades of students in
order to fit pattern distribution which was determined by administration of the university.
Publications
Three articles and one proceeding were published from the thesis. The references of those
publications were determined on the “publications” report.
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1
1.1

CHAPTER I LITERATURE REVIEW
Total Quality Management
Total quality management is a concept that aims perfection at every step of any service or

production. However, this concept naturally enforces everyone in the system to the perfection
(Faisal, 2013; Juran, 1986). When everyone is naturally enforced to perform the excellent task,
organization starts developing a quality culture at all around the company (Sohal and Terziovski,
2000; Casas, 2011; Crosby, 1979). After the implementation of the total quality management
became very popular at the beginning of 1980’s, organizations understood the importance of
corporate culture much better (Gore and Jr, 1999; Corbett and Rastrick, 2000). This point is very
important for perfection. Because if there is a quality culture in an organization, continues
improvement will be easy to reach periodically. From this point of view, it might be useful to
mention about some general principles of total quality management;
Everyone in the organization must take the responsibility for the perfection from his/her
department/job description point of view.
Everyone must be dedicated to satisfy the customer requirements based his/her task.
Organization must be devoted to involve everyone for the development.
Periodical training and education programs must be organized for the self-improvement
(improvement of knowledge and abilities) of every employee.
Organization must involve both (internal and external) customers and suppliers for the
product or service development.
Sincerity and enthusiasm for the improvement is the irrevocable part of total quality
management.
Documentations

(procedures,

processes,

job

descriptions,

forms,

rules

and

regulations…etc.) are defined at every step of the system as simple as possible. (Omachonu and
Ross, 2004; Dale and Cooper, 1992)
Finally, total quality management aims endless improvement by using all kinds of
resources (human resources, time resources, financial resources, material resources, etc.) the

6

most efficiently. By this way, company can compete in the market globally. (Easton, 1993;
Handfield, 1993; Hendricks and Singhal, 1996; Womack et al., 1990)
1.1.1 History of Total Quality Management
From the 1900’s until 1930’s, management system was based on the Taylor’s
management philosophy (Demirbaget al., 2006; Talibet al., 2010; Miranda, 2003). Taylor’s
philosophy was based on analyzing the processes and finding the way to perform the processes
in the fastest way. Furthermore, employees were not able to evaluate the jobs that they were
performing. Because of this other employees were hired to control the tasks on a standard. That
means the quality was based on the control of the products those were produced already.
However, no preventive activities were able to be applied on any output because they already
have been produced and only could have been checked. Improper outputs were thrown into
salvage. Then it was either recycled or if it provides the minimum standards, it was delivered to
the customer (Juran, 1994; Ratnayake, 2009). Although scientific management standardized the
tasks, outputs, processes…etc. (Ratnayake, 2009), only corrective activities, which were taken
after the inspection in case of any error, was not enough to reach zero defect…
At the period of World War II., companies faced a big problem because of inspecting
every output. Controlling every output caused slowing the production and consequently firms
were unable to supply sufficient good to the market. As a solution controllers were taught to take
samples instead of inspection of %100 of production (Bloemen, 1988). Despite of this system
increased the acceleration of the production; still this was not a preventive activity. By this way,
quality control department became more important than inspection department.
After 1950’s, gurus tried to shift quality function to prevention rather than correction. It
was blatantly understood that inspection or quality control alone was no value adding activities
and increasing the inefficiency. They were only affected to detect the outputs which were to be
sent to the salvage or to be accepted as qualified output. Juran modified the quality control and
inspection toward quality assurance which means determining a specific and detailed quality
output plan and to control these plans periodically (Juran and Godfrey, 1998). From this point,
customer requirements became more important. However, unwanted outputs, which are
according to the customer requirements, tried to be lowered by this quality assurance department
that was related to the director of concerning company. At 1950’s and 1960’s, Joseph M. Juran
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and Edwards W. Deming have contributed a lot to the industry of Japan to achieve their
organizational success (Oakland, 2004).
After 1980’s, Quality management techniques, which has started in Japan, became more
popular and taken more seriously into consideration. From these times on, approaches of some
gurus became more important than before. These approaches are defined in the upcoming part.
1.1.2 Total Quality Management Concepts from Gurus
1.1.2.1 Walter A. Shewhart
Walter Shewhart was born on 1891 in New Canton. He has got his Bachelor’s and the
Master’s degree from the University of Illinois. After taking his Master’s degree, he got his
Ph.D. from the University of California in 1917. Only after one year he got his Ph.D., he has
started working at Western Electric Company and he took a position on improving the quality of
telephone hardware.
When Walter Shewhart was in Hawthorne, he met Edwards Deming and after this time;
Edwards Deming was influenced from Walter Shewhart’s ideas. He continued with the methods
of Walter Shewhart (Best and Neuhauser, 2005). In the same time, Joseph Juran was also
working in the same company. Joseph Juran was also influenced from Walter Shewhart’s ideas.
Walter Shewhart has contributed the Plan, Do, Study, Act (PDSA) and the control charts.
1.1.2.2 Edwards W. Deming
He was born on 14 October, 1900. He is known as a statistician who has worked a lot to
optimize the production of United States of America. He is the graduate of Yale University. He
is the father of International Standards Organization (ISO) that has been established at 1946 in
Geneva, Switzerland. He became very famous after II. World War. He has been invited to Japan
at 1951 by engineers. He had taught quantitative quality tools and he has developed plan, do,
check, and act (PDCA) cycle (Sokovic, et. al, 2010). Planning is the first step of this cycle where
the management plans for quality. As a second step, they perform what they have planned
(Procurement, Process Capability, Product Reliability, Service Quality, Documentations and
Records, Controlling Changes, Standardization, Conformity and Compatibility…etc.). For the
third step of the cycle, management checks the performances and creates the control charts and
analyzes the data that came out after implementation. Finally, organization takes action about
what they have done. In this step management evaluates all the term past and takes preventive
8

and/or actions for the further implementations of the quality. Deming was affected from
Shewhart’s control chart and modified it (Langley, et. al. 2009). His Management tools are
taught in many Operations Management books (e.g. Reid and Senders, 2005). He has determined
14 steps to establish a quality system as (Heizer and Render, 2006);
1. Create constancy of purpose for improving products and services.
2. Adopt the new philosophy.
3. Cease dependence on inspection to achieve quality.
4. End the practice of awarding business on price alone; instead, minimize total cost
by working with a single supplier.
5. Improve constantly and forever every process for planning, production and
service.
6. Institute training on the job.
7. Adopt and institute leadership.
8. Drive out fear.
9. Break down barriers between staff areas.
10. Eliminate slogans, exhortations and targets for the workforce.
11. Eliminate numerical quotas for the workforce and numerical goals for
management.
12. Remove barriers that rob people of pride of workmanship, and eliminate the
annual rating or merit system.
13. Institute a vigorous program of education and self-improvement for everyone.
14. Put everybody in the company to work accomplishing the transformation. Finally,
he is one of the most important gurus of Total Quality Management.
1.1.2.3 Joseph Juran
He was born at 1904 in, Romania and he had moved to America at 1912. He has
graduated from Minnesota University Electricity Engineering department. Later on he has
studied PhD at Loyolo University on Law. He is also one of the most important gurus of total
quality management by all contributions both in Japan and U.S.A. He has written tens of books
on quality. He has been invited to Japan at 1954 to teach quality tools. From this point, he is one
of the pioneers in teaching that nation about how to improve the quality level. His theory
strongly involves top management into construction of quality. Furthermore, he believes in
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teams must work hard to seek for continues improvement. He has developed 10 points for
quality management as;
1. Build awareness of the need and opportunity for improvement.
2. Set goals for improvement.
3. Organize to reach the goals (establish a quality council, identify problems, select
projects, appoint teams, designate facilitators).
4. Provide training.
5. Carry out projects to solve problems.
6. Report progress.
7. Give recognition.
8. Communicate results.
9. Keep score.
10. Maintain momentum by making annual improvement part of the regular systems
and processes of the company. (Oakland, 2004)
1.1.2.4 Philip Crosby
He was born in 1931 in America. He had worked in ITT as a vice quality manager. He had
performed project of Pershing Rockets at Martin Corporation. He has an important impact on
quality as developing concept of “Cost of Quality”. He has a book named as “Quality is Free”
sold more than a million until now. Furthermore, he has developed the concepts of “Do it right at
the first time” or “conforming the requirements”…etc. He developed 14 Steps for quality
management as (Oakland, 2004);
1. Make it clear that management is committed to quality.
2. Form quality improvement teams with representatives from each department.
3. Determine where current and potential quality problems lie.
4. Evaluate the cost of quality and explain its use as a management tool.
5. Raise the quality awareness and personal concern of all employees.
6. Take actions to correct problems identified through previous steps.
7. Establish a committee for the zero defects program.
8. Train supervisors to actively carry out their part of the quality improvement
program.
9. Hold a ‘zero defects day’ to let all employees realize that there has been a change.
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10. Encourage individuals to establish improvement goals for themselves and their
groups.
11. Encourage employees to communicate to management the obstacles they face in
attaining their improvement goals.
12. Recognize and appreciate those who participate.
13. Establish quality councils to communicate on a regular basis.
14. Do it all over again to emphasize that the quality improvement program never
ends.
1.1.2.5 Armand Feigenbaum
He was born in 1922, America. He has graduated from Union College as B.S. and
completed his master and Ph.D. in MIT. Later he worked at General Electric Company for 26
years in engineering. He has written such a book (Total Quality Control) that was like the father
of the recent total quality management concept. He was also claiming as other gurus that the
quality management was the preliminarily the responsibility of the top management. For this
concept, the most effort must be performed by the top management. Furthermore, he expressed
the necessity of interaction inter-departments.
1.1.2.6 Kaoru Ishikawa
Kaoru Ishikawa was born in Tokyo, Japan in 1915. He has graduated from the Bachelor’s
degree from University of Tokyo and got the Diploma on Applied Chemistry. He has started
working at the Nissan Liquid Fuel Company. In 1978, he became the president of Musashi
Institute of Technology. Kaoru Ishikawa has great contribution to the philosophy of total quality
management concept such as quality circles and fish bone diagram. The reason why Kaoru
Ishikawa had developed fishbone diagram was for the engineers at Kawasaki Steel Works. By
fishbone diagram he had shown how an output was affected by some different variables
(Doggett, 2005). His approach to total quality management was; everyone preliminary must be
performing their own jobs. He supported that a manager mustn’t only set the standards of a total
quality management concept in a company but also set a system that continuously improve it.
1.1.2.7 Genichi Taguchi
Genichi Taguchi, who is the one of the gurus and thinkers of total quality management,
was born in 1924, Japan. He studied bachelor’s degree on textile engineering at Kiryu Technical
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University. He worked at Navigation institute of the Japanese Navy for some times. He later
started working at state departments and he met Matosaburo Masuyame who improved Genichi
Taguchi’s statistical knowledge. Genichi Taguchi has contributed Loss function and Taguchi
Model to quality control. He has developed loss function in order to determine the decline of
perception at customer’s perceived quality based on decrease on real quality of product. Finally,
he is an important quality thinker who has contributed a lot to the quality.
1.2

Quality Assurance
Quality assurance is standards for acceptable level of any output. It can be considered as

a wheel chock to keep minimum accepted standards of an institution or a company. Mashal,
Odeh, and Abu-Musa, (2012, p.1) stated that “the quality assurance (QA) in higher education
has a major role to play in signaling excellence and to improve the institution aspect.” From this
explanation it can be stated that the quality assurance is a set of standards about any service
and/or output of any institution which can be measured quantitatively and improved periodically.
Quality assurance also can be defined as a planned and systematic review process of an
institution or program to determine that acceptable standards of education, scholarship, and
infrastructure are being maintained and enhanced (Sorin and Shinji, 2009).
In higher education also definition of quality assurance is the same because the education
is not so much different from a service or production company. For example, in a bottle
production company, one of the quality assurance parameters might be defined as the reliable
strength, shape and durability of a bottle. This output changes name as a well-educated,
employed and active student output in an education institution. From this point of view, higher
education institution can be considered as a production company as well as a service company.
At this point, according to Wahlen, (1998) quality assurance in education is the activity aimed at
maintaining and improving the quality, e.g. research, analysis, assessing acceptability,
recruitment, appointment procedures and different mechanisms and systems.
An efficient quality assurance system needs auditing. Otherwise system will not work
appropriately. Auditing period may change from one institution to another. Purposes of auditing
are;
-

“Ensuring that the system is achieving the desired results;

-

Revealing defects or irregularities in the system;
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-

Indicating any necessary improvements and/or corrective actions to eliminate
waste or loss;

-

Checking on all levels of management

-

Uncovering potential danger areas;

-

Verifying that improvements or corrective action procedures are effective.”
(Oakland, 2004 p.193)

There are two kinds of audits as internal quality audits and external quality audits;
1.2.1 Internal Audits
Internal quality assurance is the set of standards which are defined within an organization
and fit the standards of concerning legal rules and regulations. There is internal quality assurance
flow chart based on ISO 9001:2008 quality system management certification.

Figure 1: Where the requirements of Clause 3.2.2 apply in management process (Hoyle,
2009, p.190)
However, internal audits are internal quality controllers of any company, institution or
program. These audits control the process flows, documentations, process successes…etc.
whether they fit the standards or not. Clause 8.2.2 of ISO 9001:2008 requires systems “to
conduct internal audits to determine whether the quality management system conforms to the
planned arrangements and the requirements of ISO 9001.” (Hoyle, 2009, p.293). “Internal
auditing is an independent appraisal function established within an organization to examine and
evaluate its activities as a service to the organization. The objective of internal auditing is to
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assist members of the organization in the effective discharge of their responsibilities. To this end,
internal auditing furnishes them with analyses, appraisals, recommendations, counsel, and
information concerning the activities reviewed.” (Institute of Internal Auditors, 1992 p.6).
1.2.2 External Audits
External audits are the people who are not one of the employees of the concerning
institution and auditing the procedures, documentation, processes, implementations…etc. in
order to check whether the system is used appropriately within the rules and regulations of the
country, and the concerning system standards. External quality audits are necessary to prove and
publicize that the institutional goals, system standards, and requirements are fulfilled properly.
1.2.3 Quality Assurance in Education
General definition of quality assurance was explained at section 2.1 briefly. In fact, the
assurance of quality and defining standards in quality is easier in the production sector rather
than in education. For example, the ergonomics of a chair is easy to determine according to the
use of concerning type of chair. On the other hand, level of education, knowledge…etc. are quite
subjective issues to determine and standardize. Beside this, procedures, documentations,
processes…etc. are a kind of general aspect of any system. Moreover, four steps can be
determined in any system of quality; plan, do, check, act. (Hoyle, 2009)
Plan
In this section system standards, documentations, processes, producers, auditing systems,
corrective and preventive activities…etc. are defined and prepared to be used. Goals of the
institution, mission, vision, and policy are also very important part of this step.
Do
At this step, system requirements, standards, and goals are implemented based on the
system plan. The aim of this step is to apply procedures and processes appropriately to achieve
the organizational goals.
Check
It refers to management tracking sessions periodically to check if the system standards
are met, procedures are applied appropriately, and goals are achieved.
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Act
At this section, management takes decisions about improvement for the system, taking
preventive activities for inappropriate actions and improper outputs if exist or enhance the
standards of the organization in case the old standards are already achieved.
1.2.3.1 Assessment for Quality
Assessment of the quality is for reviewing the outputs or service results of an education
institution. Hernon (2002 p.4), stated that “quality assessments seek to provide data that the
organization can use to review and improve its service delivery.”
Every organization would like to know if they have reached the standards that they have
planned. Are the yearly organizational goals achieved? Is there any improvement on the outputs?
Do we need any enhancement? In order to answer these questions appropriately, performance
assessment procedure must be applied and the results must be evaluated by comparing planned
goals with the actualized outputs. Below, there are the steps of assessment and improvement in
an education organization;

Figure 2: Key steps of assessment and improvement in an education organization (Thune,
1998 p.11)
Vision and Mission is the main objective of an educational institution. Strategies are the
relatively small goals which create way to the mission and vision of concerning institution. From
this point, quality assessment results should somehow be related to the organizational mission
and vision. Thune (1998, p. 17) stated that “it is important that quality assessment should assess
the extent to which institutions actually achieve the aims and objectives, which they set for
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themselves. This assessment of the relationship between objectives and actual achievement
focuses on the core of the quality issue.”
1.2.3.2 Accreditation
Accreditation is a special process to fulfill the main required standards for acceptability
of concerning higher education institution and/or a program. NICATS, (2003, p. 6) has defined
accreditation as “The process by which an awarding body evaluates a program of study
(learning) to formally recognize the achievement of specified learning outcomes at a particular
level”. It can be understood here that accreditation is a kind of awarding and in order to achieve
this award, an institution must fill the standards which are defined externally. Boulet and Zanten,
(2014 p. 136) has defined accreditation as “Accreditation can be defined as a process by which a
designated authority reviews and evaluates, on a cyclical basis, an educational program or
institution using clearly specified criteria and procedures.”
Accreditation answers this simple question by using certain parameters; is this institution
capable enough? Or does this institution deserve our approval? In this case capacity means the
minimum standards. In order to be accredited, an institution must reach the minimum capacity.
UNESCO, (2003) defined the accreditation as the confirmation by an external body (formal
status of which can be that of a governmental agency, buffer organization, or
professional/academic body), that certain (usually minimal) quality standards are met by the
given institutions or/and study program.
1.2.4 Techniques for Quality on Education
1.2.4.1 Equating
Equating is generally used in education processes for evaluation and it is a process that
evaluators use to equate two different forms’ results. It means this procedure is proposed in such
situations that there are more than one forms of evaluation for examinees and compared to each
other. The reason of why does one need equating is keeping fair assessment type for everyone.
For example, let’s assume there are two types of forms of evaluation; type 1 and type 2. If
students, who have taken type 1 form, getting lower marks than students that, take type 2, one
might conclude this situation as an unfair evaluation of examinees. In this case, equating process
should be proposed in order to clear dual standard away.
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There are four types of linking test forms as moderation, projection, calibration, and
equating (Mislevy, 1992). According to Mislevy, equating type is the strongest type of linking
test. Despite of there are several types and ways of linking test forms, they have gathered under
two types of theory as Classical Test Theory (CTT) and Item Response Theory (IRT).
1.2.4.1.1 Classical Test Theory
1.2.4.1.1.1 Linear Equating
This tool is used under classical test theory equating in order to equalize the scores
between two parallel evaluations forms. This model has been stated on an assumption that those
two forms consist of the same distributions of the outputs. Only mean scores and the standard
deviations are not thought the same (Crocker and Algina, 1986). In this model, let’s assume that
there are two parallel evaluation performed based on two different forms. As a result form 1 had
the mean of 6 and form 2 had the mean of 4. It can be said that form 1 was easier than form 2.
There might be an unfair advantage for the form 1 test taker. In this kind of situations, linear
equation can be drawn as a graph in such a way;

Figure 3: Sample Linear Equating
It is blatant that form 2 has lower mean and need to be equated and transferred into scores
of form 1. In this case, mean and standard deviation can be taken into the consideration and
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initially mean of “Raw Score on Form 2” is transferred into the “Raw Score on Form 1” and 4
becomes 6. After that all scores are transformed into Form 1 one by one based on the standard
deviation. In this case the result becomes a straight line.
1.2.4.1.1.2 Equipercentile Equating
This equating model allows user to perform more accurate equating results. However,
despite of linear equating model is easier to perform, equipercentile equating model is more
accurate than the linear equating model (Kollen and Brennan, 2004).
In order to equate results of tests by equipercentile equating, we should determine the
ranks of percentiles for results distributions of each tests in order to equate them (Crocker and
Algina, 1986). After this step percentile ranks of two tests can be equalized.
This situation might be illustrated by an assumption. Let’s suppose there are two forms
(A-B) for any subject and those test results should be equated by this method. Percentile
distribution of the results is as shown;
Table 1: Percentage Distribution Table

Percentile Ranks
Success Level

Test Form 1

Test Form 2

AA

98

90

BA

94

85

BB

89

79

CB

79

51

CC

64

41

DC

44

24

DD

24

14

FD

12

9

FF

10

4

On the table above, FF represents the lowest success level and AA is the highest one. In
this case, when we compare test form 1 and test form 2, we see that while in test form 1 CC is
64, on test form 2 CC is 41. The reason might be shown as test form 2 seems more difficult than
test form 1. However, most of the marks on the related level of success are more at the results of
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test form 1 rather than test form 2. Finally, success levels are announced after equating the
results of tests. Furthermore, graphical distribution of the marks is shown as;

1

2

3

4

5

6

7

8

9

Test Form 1

10

12

24

44

64

79

89

94

98

Test Form 2

4

9

14

24

41

51

79

85

90

Figure 4: Distribution of Percentile Ranks

1.2.4.1.2 Item Response Theory
This models and methods are quite flexible for equating tests and constructing equivalent
test results. In this part, we will mention about some details of Item Response Theory equating.
IRT equating methods might be evaluated under two categories: Equating through
common items and equating through common people. The most typical equating applications are
as (Ryan and Brockmann, 2011);


Equating by an equating constant



Equating by concurrent or simultaneous calibration



Equating with common items through test characteristics curves

As a result, equating models are applied for equalizing two or more test forms and
determine an equivalent point for each form. By this way, unfair advantage of any form might be
taken away. In this aim, either CTT or IRT might be utilized.
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1.3

Quality Control
Quality control is “check” part of plan, do, check, and act (PDCA) cycle. This part of the

cycle is very important in order to detect the strengths and weaknesses of a process. Bij and
Ekert (1999 p.3) stated that “The quality control system consists of a system of tasks, methods,
and means, which an organization uses to agree and maintain the product characteristics to the
expectations of the internal and external customer.” Control part of quality was explained by
Mockler (1984) as a systematic effort to set performance standards with planning objectives, to
design information feedback systems to determine whether there are any deviations and to
measure their significance, and to take any action required to assure that all corporate resources
are being used in the most effective and efficient way possible in achieving corporate objectives
There are stages of quality control process. These stages are defined differently by some
of the quality gurus. According to Joseph Juran (1989,) who is the one of the most important
gurus of total quality management (TQM), quality control consist of three stages as;
1. Evaluation of performance,
2. Comparing the actual performance with the planned one,
3. Taking corrective and preventive activities on variations.
Armand Vallin Feigenbaum (1983), stated quality control process in four main stages;
1. Setting quality standards,
2. Comparing the actualized output with the standards,
3. Acting in case there are variations,
4. Planning for improvement in the standards.
In contrast, quality control process starts with comparing the preplanned standards with
the actualized outputs and taking corrective and preventive activities in case there are variations
or enhancing the standards according to the quality of outputs. In this section, especially
statistical part of quality control process will be identified.
1.3.1 Statistical Quality Control
This is a kind of chart that shows the limits of outputs. In this chart pattern limits are
defined and checked with the real outputs. If real output is out of limits, that means there is
something out of control and we need a corrective activity to correct the mistakes. The chart
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contains a center line which might be called as mean. This line aims the mean of output to be
close to it. There are two more lines above and below of this mean. Above line shows the upper
control limit (UCL) that any output mustn’t exceed this line. With other words, this is the
maximum limit of any output to be considered as non-defective output. Furthermore, any output
that exceeds this line is considered as defective or unacceptable output. The second line that is
under the mean line is called as lower control limit (LCL). This line shows the minimum limit of
any output that may be reached. Below of this line is again considered as unacceptable product
or output. However, any output or product that lies out of these two lines (ULC and LCL) called
unacceptable product. In this case, company must take an action to re-evaluate the product
parameters which causes this nonconformity. This chart allows us to visualize the how outputs
are sequenced according to the chart realities. Below we have a sample of control chart.

Figure 5: Quality Control Chart (Milnikova, 2012 p. 72)

It doesn’t mean in any case if the outputs are inside this lines are considered as
acceptable outputs. If a sample of outputs shows a systematic plot or cluster (may be inside the
chart), still it means that there are some problems that causes this situation. As an example, if
80% of a sample lies below the center line or above, operations owner must be suspicious that
there are something wrong and should be corrected. It means that a sample of an output is
expected to be plotted randomly and not systematically. From this statement one can understand
that quality chart aims to show the abnormal plotting of any output graphically. In this aim, if
any out of control product is found and cause(s) eliminated, the chart will be normally plotted
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again. Western Electric Company stated in Statistical Quality Control (Western Electric
Company, 1956) and defined 4 types of chart plots as;
a) lack of number of plots around center line
b) lack of number of plots around upper and lower control limits
c) lack of number of plots out of upper and lower control limits
d) Other unnatural plotting like trend, repetition…etc.
These charts can be used to accept or reject of a hypothesis. For example, if all plots of a
product or output are inside of control limits, reject of hypothesis option fails. This way one can
develop a hypothesis using control charts.
1.3.1.1 Variation Determination Ways
1.3.1.1.1 P-Charts
P charts are for determining a portion of a sample to total number of outputs. That is why
it is called as portion chart. For example, failed students to total students. This is one of the most
effective charts to see the caused. Because of it has just one pattern, accuracy level of this chart
is lower than X and R chart but still it is a reasonable chart. P charts are used in case the most
important causes of problems are known. This is why this chart relies on job knowledge
specifically. This kind of charts might be defined as;
Problematic outputs in the sample that are not conforming the standards are shown
binomial (1-0)
a) The probability of nonconformity p is the same as each unit.
b) Each unit is independent of its successors.
c) Controlling procedure is consistently done for each sample as the same.
Formula of upper and lower control limits can be represented as;

UCL= 𝑝̅ + 3√
LCL= 𝑝̅ − 3√

𝑝̅ (1−𝑝̅ )

(1.1)

𝑛

𝑝̅ (1−𝑝̅ )

(1.2)

𝑛
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CL= 𝑝̅

(1.3)

1.3.1.1.2 𝑋̅ And R Charts
Here there are some types of charts for determination of variations. In other words it can
be called for variable measurements. Common example of this measurements are kilogram for
weights, meter in length…etc. there are some symbols those are used for calculation of this
variations such as;
X= individual observation of outputs
n= number of observations in a set.
𝑋̅= an average of group of X’s. It can be calculated as;
X=

𝑿𝟏+𝑿𝟐+⋯..𝑿𝒏
𝒏

𝑋̿= an average of series of 𝑋̅.
R range= it can be defined as a difference between the maximum and the minimum value
of n measurements.
𝑅̅ = it can be defined as average of set R observed.
A2= it is a factor that is used to calculate the limits for X chart.
D4= it can be defined as a factor that is used to calculate the upper control limit of R
chat.
D3= it can be defined as a factor that is used to calculate the lower control limit of an R
chart.
In this system sample range can be calculated as;
Ri=Ximax-Ximin
After that mean of ranges of samples can be calculated such as;

23

𝑅̅=

∑𝑚
𝑖=1 𝑅𝑖

(1.4)

𝑚

Now we can calculate the upper and lower control levels of each chart as;

UCL= D4𝑅̅

(1.5)

LCL= D3𝑅̅

(1.6)

CL= 𝑅̅

(1.7)

Above the calculations were belonging to the R chart. However, calculations for the X
chart can be done as;

UCL= 𝑥̿ +A2𝑅̅

(1.8)

LCL= 𝑥̿ -A2𝑅̅

(1.9)

CL= 𝑥̿

(1.10)

1.3.1.1.3 𝑋̅ And S Charts
In case we assume that we have m samples and in this case each samples must contain n
observations. For this assumption standard deviation can be calculated as;
𝑛

∑
(𝑥
𝑆̅= √ 𝑖=1 𝑖

̅̅̅2
− 𝑥)

(1.11)

𝑛−1

The formula above shows the standard deviation of one sample. Standard deviation of all
samples can be calculated as;

𝑠̅=√

∑𝑚
𝑖=1 𝑆𝑖

(1.12)

𝑚
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In this case,

𝑠̅

is considered as estimator of the variance. Hence, upper and lower

𝑐4

control limits of S- chart can be calculated as;

UCL= 𝑠̅ + 3
LCL=𝑠̅ − 3

𝑠̅
𝑐4

𝑠̅
𝑐4

√1 − 𝑐42

(1.13)

√1 − 𝑐42

(1.14)

CL=𝑠̅

(1.15)

However, upper and lower control limits of X- chart can be calculated as;

UCL=𝑥̿ + 3
LCL=𝑥̿ − 3

𝑠̅

(1.16)

𝑐4 √𝑛
𝑠̅

(1.17)

𝑐4 √𝑛

CL=𝑋̿

(1.18)

1.3.1.1.4 Steam and Leaf Plot
In the previous sections, the steps of quality control were explained. After setting the
standards, comparing the actual output with the set standards plays an important role. Fitting the
standards %100 is very hard. In many production or service processes there are small or big
variations from the planned standards. In this case process sponsors must determine the extent of
this variation. There are some ways to determine variation between real and designed output. For
example, let’s assume a company is manufacturing gear cogs. Of course, there are standards of
an original cog. But each production might not meet the designed standard. In order to check
whether the produced cog(s) meet the standards or not, one of the most useful graphical
techniques is the stem-and-leaf display. (Montgomery, 2009)
To give an example; let’s assume that there is a set of numbers, 11, 16, 25, 27, 29, 32, 55, 56,
59, 78, 79, 80, 82, 83, 85, 87, 96. Now, we can plot the table as;
Stem Leaf

25

1

16

2

57

3

2

4

.

5

569

6

.

7

89

8

02357

9

6

Stem and leaf plot is used to determine the frequencies at each stem. By using this method it
can be specified where the tendency is. This kind of plot has the advantage of letting the
histogram grow before your eyes, showing you useful information from the very start and
making your efforts worthwhile. (Siegel, 2012)
1.3.1.1.5 Histogram
Histogram is used to show the frequencies of a data set and see these frequencies clearly. The
histogram displays the frequencies as a bar chart rising above the number line, indicating how
often the various values occur in the data set Siegel, (2012). However, in order to construct a
histogram for continuous data, we must divide the range of the data into intervals, which are
usually called class intervals, cells, or bins (Montgomery, 2009). Let’s assume that a company
is producing a gear cogs. There are deviated productions for each production run are displayed
on the table as ;
Table 2: Production Samples

Designed Thickness

Actualized Output

I. Production Run

4.3

4.2

II. Production Run

2.5

2

III. Production Run

3.5

3

IV. Production Run

4.5

5
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Designed Thickness

2

Actualized Output

0

I. Production
Run

II. Production
Run

III. Production
run

IV. Production
run

Figure 6: Sample Histogram

The variation of each production can be obviously seen by using histogram that is above
designed as example. There are various software (Excel, SPSS, Minitab…etc.) that might be
used to construct histograms for a data set which includes huge amount of data.
1.3.1.1.6 Box Plot
“The box plot is a graphical display that simultaneously displays several important features of
the data, such as location or central tendency, spread or variability, departure from symmetry,
and identification of observations that lie unusually far from the bulk of the data (these
observations are often called “outliers”).” (Mortgomery, 2009) Using the box plot diagram,
attitude of any data set can be seen visually and doesn’t show many details. “Box plots show less
detail and are therefore more useful for seeing the big picture and comparing several groups of
numbers without the distraction of every detail of each group (Siegel, 2012). Box plot highlights
the first and third quartiles, the median, and the extreme values in the data, allowing us to easily
identify these descriptors. (Weiers, 2008) Here is an example of a basic box plot;

Figure 7: Sample box plot
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2
2.1

CHAPTER II DEFINITION OF PROBLEM
The Problem of Control of Learning Quality
Let’s assume that we are given the next requirement for the learning process quality:

“weak” (failed) students can be thought those ones whose grades are less than 60 and the
percentage of them should be 30%; “ordinary” (of acceptable level) students are those ones
whose grades are between 61 and 95 grades, the percentage of them should be 65%; in latter
range so called “middle” level students are those whose percentage is no more than 50% of total
number of students (including failed ones) and 20% of “ordinary” student; say, the grade of these
“middle” students turns out to be 80 (or any other value), so the grade 80 can be considered as a
median of grades distribution; “excellent” students are those ones whose grades are above 95%
and the percentage of them is 5%. The corresponding cumulative distribution function (CDF) is
shown in Fig. 8. Obviously, the pattern distribution cannot be approximated by the normal
distribu tion, Weibull distribution, etc.) (Rohver, 2012; Milnikova, 2012). But in case of
applying normal distribution the adequacy and precision of results strongly depends on the
degree of “skewness” and often may not be acceptable. In case of applying other distributions
(beta distribution, gamma distribution, Weibull distribution, etc.) the problem of estimating
adequate distribution parameters arises. In many cases analytical expression cannot be obtained
in close form. Besides, when requirements for quality changes, the corresponding shapes of PDF
and CDF functions also change. As a result, it is necessary to use frequently complicated
procedures of distribution parameters estimation (Demir and Rodonaia, 2014).

Figure 8: CDF of pattern distribution
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The similar task is commonly met in the area of product quality control (Manzini,
Regattieri, Pham and Ferrari, 2010)
Suppose that the quality requirement to the product quality is as follows. The percentage
of deviation from required level of some quality parameter must be no more than ±5% in 95 %
of the output of the product; in this case the quality of the product is regarded as “excellent”. To
be regarded as “acceptable” the product quality must be as follows: deviation from required level
of the quality parameter is ±6%-20% in 3% of the output of the product. The product quality is
regarded as “unacceptable” (or defective) if there is the deviation of more than 20% (so the
percentage of defective production must be no more than 2%).The CDF is shown in Figure 9. As
one can see, the distribution is also skewed and the problem of choosing the right type of
distribution

Figure 9: CDF of pattern distribution in product quality control occurs here

It is not clear in advance which type of distribution should be used in this case. The
above distributions (reflecting quality requirements) are called hereinafter “pattern” distributions
(functions). It is desirable that distribution of grades of actual exams would be as close to the
pattern distribution as possible.
The question of closeness degree is a problem (and is considered further in the thesis).
Moreover, the pattern distribution presents quality requirement for total learning process (which
must take into account results of all relevant tests).
That is, grades of many subjects (obtained by a group of students in tests held during one
of more courses) must match the pattern distribution in order that the group would be regarded as
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successful and meeting the requirements of learning quality. Of course, it is possible to compare
grades of each actual test with the pattern distribution and then summarize the results. But this
approach is associated with a large amount of additional and repeated calculations.
Taking into account all the above-mentioned, a new general method of using a unified
non-parametric (Erceg-Hurnand and Mirosevich, 2008) estimation of relevant grades
distributions and further application of its results to the evaluation process of learning quality is
developed in this paper. It is important to point out that the method does not require the
execution of rather complicated procedures of estimating distribution parameters (mean, standard
deviation, third and fourth moments)). The method can be applied to fit grades of various
multiple tests and compare them with pattern distribution by using the same unified techniques
and algorithms. The approach provides forming of overall quality criterion for all test scores and
method of comparing it with pattern quality requirement.
2.2

Fitting Process
Given a random sample x1, x2, x3, . . .xn, the basic problem in fitting a statistical

distribution to this data is that of approximating the distribution from which the sample was
obtained. If it is known, because of theoretical considerations, that the distribution is of a certain
type (e.g., a gamma distribution with unknown parameters), then through moment matching, or
some other means, one can determine a specific distribution that fits the data. This, however, is
generally not the case and, in the absence of any knowledge regarding the distribution, it makes
sense to appeal to a flexible family of distributions and choose a specific member of that family.
By a flexible family we mean one whose members can assume a large variety of shapes:
skewness in either direction, tails that are truncated or extend to infinity on either or both sides,
bell-shaped distributions as well as inverted bell-shaped ones. A second desirable quality for
family of distributions to be suitable for fitting is for the family to be able to represent a wide
range of distributional characteristics such as moments (or combination of moments) or
percentiles (or combinations of percentiles). A third desirable feature would be for the
distributions in the family to have convenient, preferably closed form, expressions for at least
one of their PDF, CDF, and quantile function.
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2.2.1 Description of the Method of Unified Non-Parametric Estimation of Grades
Distribution
To provide fitting the wide variety of distribution shapes and to describe data by using a
single functional form the approach used in the paper implements the Generalized Lambda
Distribution (GLD) (Karian and Dudewicz, 2011). The method specifies four parameter values
for each case, instead of giving the basic data (which is what the empirical distribution
essentially does) for each case. The one functional form allows us to group cases that are similar,
as opposed to being overburdened with a mass of numbers or graphs.
The generalized lambda distribution family with parameters λ1, λ2, λ3, λ4, GLD (λ1, λ2, λ3,
λ4), is most easily specified in

Q( y)  Q( y; 1 ,  2 , 3 ,  4 )  1 

y 3  (1  y )4
2

(2.1)

where 0 ≤ y ≤ 1. The parameters λ1 and λ2 are, respectively, location and scale
parameters, while λ3 and λ4 determine the skewness and kurtosis of the GLD (λ1, λ2, λ3, λ4).
Recall that percentile function (PF) of the stochastic variable X is the function Q(y) which, for
each y between 0 and 1, tells us the value of x such that F (x) = y:Q (y) = (The value of x such
that F (x) = y), 0 ≤ y ≤ 1
Here F(x) is the cumulative distribution function (CDF) of the variable X:
F (x) = P(X ≤ x), −∞< x < +∞.
The restrictions on λ1, λ2, λ3, λ4 that yield a valid GLD(λ1, λ2, λ3, λ4) distribution and the
impact of λ3 and λ4 on the shape of the GLD(λ1, λ2, λ3, λ4) PDF (Probability Density Function)
will be considered later.
It is relatively easy to find the probability density function from the percentile function of
the GLD (Karian and Dudewicz, 2011). For the GLD (λ1, λ2, λ3, λ4), the probability density
function is:

f ( x) 

2
3 y 3 1   4 (1  y )4 1
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(2.2)

at x= Q(y).
In plotting the function f(x) for a density such as the normal, where f(x) is given as a
specific function of x, we proceed by calculating f(x) at a grid of x values, then plotting the pairs
(x, f(x)) and connecting them with a smooth curve. For the GLD family, plotting f(x) proceeds
differently since (2) tells us the value of f(x) at x = Q(y). Thus, we take a grid of y values (such
as .01, .02, .03, . . ., .99, that give us the 1%, 2%, 3%, . . ., 99% points), find x at each of those
points from (1), and find f(x) at that x from (2). Then, we plot the pairs (x, f(x)) and link them
with a smooth curve (Demir and Rodonaia, 2014; Zaven, Karianand, and Dudewicz, 2010).
As an example of plotting f(x) for a GLD, consider the the GLD (λ1, λ2, λ3, λ4) with
parameters
λ1 = 0.0305, λ2 = 1.3673, λ3 = 0.004581, λ4 = 0.01020, i.e., the GLD λ1, λ2, λ3, λ4) with
(see (1))
Q(y) =0.0305 + (𝑦 0.004581 − (1 − 𝑦)0.01020 /1.3673

(2.3)

For example, suppose that we find that at y = 0.25, Q(0.25)=0.028013029, from (3).
Next, at x = 0.028, using (2.1.3) with the specified values of λ1, λ2, λ3, λ4, f(0.028) = 43.0399612.
Hence, (0.028, 43.04) will be one of the points on the graph of f(x). Proceeding in this way for
y = 0.01, 0.02, . . ., 0.99, we obtain the graph of f(x) given in the fig. 10 below:

Figure 10: Probability density function
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Equation (2) defines a PDF if and only if f meets the following conditions:

∀𝑥 ∈ 𝐷

f(x)≥

∞

∫∞ 𝑓(𝑥 )𝑑𝑥 = 1

and

with D the domain of definition of f. These conditions lead to the specification of six
regions of the (λ3, λ4) space in which equation (2) defines a valid PDF (Schwarz, 2011).
Region 1= {(𝜆3 , 𝜆4 )|𝜆3 ≤ −1, 𝜆4 ≥ 1}
Region 2= {(𝜆3 , 𝜆4 )|𝜆3 ≥ 1, 𝜆4 ≤ −1}
Region 3= {(𝜆3 , 𝜆4 )|𝜆3 ≥ 0, 𝜆4 ≥ 0}
Region 4= {(𝜆3 , 𝜆4 )|𝜆3 ≤ 0, 𝜆4 ≤ 0}
Region5=
(1−𝜆3 )1−𝜆3

{(𝜆3 , 𝜆4 )|−1 < 𝜆3 < 0, 𝜆4 > 1, (𝜆

𝜆 −𝜆
4 −𝜆3 ) 4 3

(𝜆4 − 1)(𝜆4 −1) <

−𝜆3
𝜆4

}

Region6=
(1−𝜆4 )1−𝜆4

{(𝜆3 , 𝜆4 )|𝜆3 > 1,1−< 𝜆4 < 0, (𝜆

𝜆 −𝜆
3 −𝜆4 ) 3 4

(𝜆3 − 1)(𝜆3 −1) <

−𝜆4
𝜆3

}

Regarding the goodness-of-fit method of estimation, the “starship” method, which
minimizes a goodness-of-fit criterion on a 4D (four dimensional) space, can be used (a direct
minimization of a four-variable λ1, λ2, λ3, λ4) function is carried out). This method can be
tremendously time consuming (especially for large sample sizes). Indeed, due to the numerous
local minima that appear in practice, a very precise meshing of the 4D space must be used. To
reduce the computation time, an iterative method was proposed. Instead of calculating the
goodness-of-fit estimator on a full 4D grid, they used successive simplices from random starting
points until the goodness-of-fit test stops rejecting the model. This results in an acceptable
estimate of the parameters, but not necessarily the values that provide the best fit. And compared
to the estimates that provide the best fit, bias and standard errors can be relatively high.
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2.2.2 A Percentile Approach to Fitting Distributions
As we have seen above, very often the quality requirement are given in the form of
required percentiles (percent of failed, ordinary, middle and excellent students, percent of
deviation of some product’s quality parameters from their nominal values and so on). The
percentile-based approach (Karian and Dudewicz, 2011) fits a GLD(λ1, λ2, λ3, λ4) distribution to
a given dataset by specifying four percentile-based sample statistics and equating them to their
corresponding GLD (λ1, λ2, λ3, λ4) statistics. The resulting equations are then solved for λ1, λ2, λ3,
λ4, with the constraint that the resulting GLD be a valid distribution (Demir and Rodonaia,
2014).
For a given dataset, X1, X2, . . .,Xn, let 𝜋̅𝑝 denote the (100p)th percentile of the data. 𝜋̅𝑝 Is
computed by first writing (n + 1)p as r + (a/b), where r is a positive integer and a/b is a proper
fraction, possibly zero. If Y1, Y2, . . ., Yn are the order statistics of X1,X2, . . .,Xn, then 𝜋̅𝑝 can be
obtained from
𝑎

𝜋̅𝑝 =𝑌𝑟 + (𝑌𝑟+1 − 𝑌𝑟 )

(2.4)

𝑏

This definition of the (100p)th data percentile differs from the usual definition. Consider,
for example, p = 0.5 where the sample median is usually defined as M n = Yk if n = 2k+1 for
some integer k and Mn = (Yk+Yk+1)/2 if n = 2k for some integer k. By contrast, the sample
quantile of order 0.5 is usually defined as Z0.5 = Y[0.5n]+1 where [0.5n] denotes the largest integer
less than 0.5n. Since the sample quantile is defined as a function of a single order statistic, it is
mathematically somewhat simpler. However, the sample median is a better estimate of the
population median. The 𝜋̅𝑝 that we have defined is the generalization of the definition of the
sample median to the case p ≠ 0.5.
The sample statistics that we will use are defined by

𝜌̂1 = 𝜋̂0.5

(2.5)

𝜌̂2 = 𝜋̂1−𝑢 − 𝜋̂𝑢

(2.6)

𝜌̂3 =

̂ 0.5 −𝜋
̂𝑢
𝜋

(2.7)

̂ 1−𝑢 − 𝜋
̂ 0.5
𝜋
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𝜌̂4 =

̂ 0.75 −𝜋
̂ 0.25
𝜋
̂2
𝜌

(2.8)

where u is an arbitrary number between 0 and 1/4. These statistics have the following
interpretations (where for ease of discussion we assume u = 0.1).
1. 𝜌
̂1 is the sample median;
2. 𝜌
̂2 is the inter-decile range, i.e., the range between the 10th percentile and 90th
percentile;

̂3 is the left-right tail-weight ratio, a measure of relative tail weights of the left tail
3. 𝜌
to the right tail (distance from median to the 10th percentile in the numerator and distance from
90th percentile to the median in the denominator);
4. 𝜌
̂4 is the tail-weight factor or the ratio of the inter-quartile range to the inter-decile
range, which cannot exceed 1 and measures the tail weight (values that are close to 1 indicate the
distribution is not greatly spread out in its tails, while values close to 0 indicate the distribution
has long tails).
In the case of N(µ, 𝛿 2 )the normal distribution with mean μ and variance , 𝛿 2

we

have

𝜌̂1 = 𝜇,

𝜌̂2 = 2.56𝜎,

𝜌̂3 = 1,

𝜌̂4 =

1.36
2.56

= 0.53

This indicates, respectively, that the median of N(µ, 𝛿 2 ) is μ, the middle 80% of the
probability is in the range of about two-and-a-half standard deviations from the median, left and
right tail weights are equal, and the inter-quartile range is 53% of the inter-decile range
From the definition of the GLD(λ1, λ2, λ3, λ4) inverse distribution function (1), we now
define ρ1, ρ2, ρ3, ρ4, the GLD counterparts of λ1, λ2, λ3, λ4, as
1

1

1

(2)𝜆3 −(2)𝜆4

2

𝜆2

𝜌1 = 𝑄 ( ) = 𝜆1 +

(2.9)
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𝜌2 = 𝑄 (1 − 𝑢) − 𝑄(𝑢) =
1

𝜌3 =

𝜌4 =

𝑄(2)− 𝑄(𝑢)
1

𝑄(𝑢)− 𝑄(2)
3
4

1
4

𝑄( )− 𝑄( )
𝜌2

=

=

(1−𝑢)𝜆3 −(𝑢)𝜆4 +(1−𝑢)𝜆4 −(𝑢)𝜆3
𝜆2

(2.10)

1

1

1

1

(2.17)

.

(2.18)

(1−𝑢)𝜆4 −(𝑢)𝜆3 +(2)𝜆3 −(2)𝜆4
(1−𝑢)𝜆3 −(𝑢)𝜆4 +(2)𝜆4 −( )𝜆3
2
1
3
1
3
( )𝜆3 −( )𝜆4 +( )𝜆4 −( )𝜆3

4
4
4
𝜆
𝜆
𝜆
3
4
4
(1−𝑢) −(𝑢) +(1−𝑢) −(𝑢)𝜆3
4

The algorithm below shows how to obtain numerical values of λ1, λ2, λ3, λ4 for a GLD fit.
Algorithm GLD–P: Fitting a GLD distribution to data, percentile method
GLD–P–1. Use (3) through (8) to compute 𝜌̂1 , 𝜌̂2 , 𝜌̂3 , 𝜌̂4
GLD–P–2. Find the entry point in one or more of the special tables in [6] closest to
𝜌̂3 > 1 ; if

(1/𝜌̂3 , 𝜌̂4 ) use 𝜌̂3 , 𝜌̂4 instead of 𝜌̂3 , 𝜌̂4

GLD–P–3. Using the entry point from Step GLD–P–2, extract 𝜆̂3 and 𝜆̂4 ; if > 1,
interchange 𝜆̂3 and 𝜆̂4 .
GLD–P–4. Use 𝜆̂3 for 𝜆̂3 and 𝜆̂4

for 𝜆̂4 to determine ̂𝜆2 .

GLD–P–5. Use 𝜆̂2 for 𝜆̂2 , 𝜆̂3 for 𝜆̂3 , and 𝜆̂4 for 𝜆̂4 to obtain 𝜆̂1 .
As one can see, this algorithm requires searches in tables for different regions 𝜆̂3 and 𝜆̂4
to automate the fitting process the algorithm P-KS (Demir and Rodonaia, 2014; Fournier,
Rupin, Bigerelle, Najjar, and Iost, 2011) is used in the thesis. The strategy is to find the set of
parameters (λ1, λ2, λ3, λ4) that give the lowest value of the Kolmogorov-Smirnov estimator EKS
defined by
EKS=

𝑚𝑎𝑥 ̂
|𝐹 (𝑥) − 𝐹(𝑥)|
𝑥∈𝐷 𝑛

where D is the domain of definition of f, 𝐹̂𝑛 is the empirical cumulative distribution
function (ECDF). However, this approach requires expensive computation times, particularly
when the sample size is large. In order to deal with this problem, a new method was devised.
Briefly, to reduce execution time, rather than minimizing EKS as a function of four parameters,
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minimization is performed on a two- dimensional grid only. More precisely, the (λ3, λ4) space is
discretized by a 2D square grid of N ×N couples of values. Therefore, one must define the
𝑚𝑎𝑥 𝑚𝑎𝑥
𝑚𝑖𝑛
, 𝜆4 ] and the step s of the grid. Only one pair of (λ1, λ2)
support[𝜆𝑚𝑖𝑛
3 , 𝜆4 ] × [𝜆3

parameters will be associated with each point of the grid, thanks to equations:

𝜆2 =

(1−𝑢)𝜆3 −(𝑢)𝜆4 +(1−𝑢)𝜆4 −(𝑢)𝜆3
̂2
𝜌
1

1

𝜆1 = 𝜌̂1 −

(2.19)

(2)𝜆3 −(2)𝜆4

(2.20)

𝜆2

With

𝜌̂1 = 𝜋̂0.5
𝜌̂2 = 𝜋̂1−𝑢 − 𝜋̂𝑢
where u is chosen by the investigator such that u ϵ ]0, 0.25[ and 𝜋̂𝜌 is an estimate of the
pth quantile. These equations give respectively the values of λ2 and λ1 as the solutions 𝜌̂2 = 𝜌2
and 𝜌̂1 = 𝜌1 . For each point (i, j) of the grid, EKS is calculated between the empirical data and the
GLD with parameters (λ1 (i, j), λ2 (i, j), λ3 (i, j), λ4 (i, j)). The minimal value of EKS is determined
over the whole grid and then a simplex is started from the grid point where this minimal value
occurs (that is, the Nelder and Mead method is used)). This minimization method is used because
it does not require the computation of complex derivatives. An additional issue is that the
support of a GLD can be either bounded (it is defined on a finite support [a,b] ⊂ ℝ or
unbounded (it is defined on ℝ). Each case corresponds to different domains of (λ3, λ4) values as
pointed out in the tables.
2.2.3 Application of the PK-S Method of the Problem of Evaluation of Learning Quality
Process
The method, described above, requires usage of the complex tables of various values of
parameters λ3 and λ4 . To automate the fitting process the algorithm P-KS (Fournier, Rupin,
Bigerelle, Najjar, and Iost, 2011) is used in the paper. The strategy is to find the set of
parameters (λ1, λ2, λ3, λ4) that give the lowest value of the Kolmogorov-Smirnov estimator EKS:
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Eks  max Fˆn  F ( x)

(2.11)

where 𝐹̂𝑛 is the empirical cumulative distribution function (ECDF).
As it was stated above, the pattern distribution is given in the form of some percent. For
the example of the section we have the following data (expressed in the form of Matlab
statements):
x= [0, 60, 80, 95,100];
y= [0, 0.30, 0.50, 0.95, 1];
F=fit(x',y','pchipinterp');
plot(F,x,y);
In order to form the pattern distribution (with which the actual tests grades should be
compared) we need to fit a curve to the given data. The fitted curve will be used to generate data
values in intermediate points (other than the original data points) -interpolation points. To
provide the smoothness and maximum accuracy of generated data in interpolation points the
technique of the shape-preserving cubic splines is used. The plot of the ECDF for pattern
distribution looks like (Fig.11). The corresponding PDF function can be obtained similarly and is
shown in Fig. 12.

Figure 11: ECDF for pattern distribution

The PDF function can be obtained as follows:
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PDFProbs=zeros(100,1);
PDFProbs(1)=0;
for i=2:1:99
PDFProbs(i)=F(i)-F(i-1)
end
PDFProbs(100)=1-sum(PDFProbs);
x1=1:1:100;
PDF_Curve=fit(x1',PDFProbs,'pchipinterp')
plot(PDF_Curve,x1,PDFProbs)
xlabel('x'); ylabel('f(x) -PDF')
The graph of the PDF looks like:

Figure 12: PDF function for pattern distribution

As one can see, the shape of the PDF is non-standard and it is difficult to guess which
theoretical distribution can successfully fit it.
We can check the correctness of the fitting process. To do it we have to generate random
numbers (test grades) that will be taken from the pattern distribution function that we have
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created above. We use here so called inversion method (see Matlab Help: Statistic Toolbox>Random Number Generation -> Common Generation Methods->Inversion Methods). The
method uses a probability mass vector P(X = xi) = pi, where x0 < x1 < x2 < .... . In our case the
probability mass vector is the vector PDFProbs with values:
Table 3 Columns 1 through 14

0 0.0015 0.0017 0.0019 0.002 0.0022 0.0024 0.0025 0.0027 0.0028 0.003 0.0031 0.0033 0.0034

Table 4 Columns 15 through 28

0.0036 0.0037 0.0039 0.004 0.0041 0.0043 0.0044 0.0045 0.0046 0.0047 0.0048 0.005 0.0051 0.0052

.........................
Table 5 Columns 85 through 98

0.0343 0.0362 0.0374 0.0377 0.0372 0.0358 0.0337 0.0307 0.0269 0.0223 0.0168 0.0133 0.0119

Table 6 Columns 99 through 100

0.0084

0.0075

The function discreteinvrnd() implements an inversion method for a discrete distribution
with probability mass vector p:
function X = discreteinvrnd(p,m,n)
X = zeros(m,n); % Preallocate memory
for i = 1:m*n
u = rand;
I = find(u < cumsum(p));
X(i) = min(I);
End
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The function can be used to generate random numbers from our pattern distribution. The
Matlab code statement is :
V=discreteinvrnd(PDFProbs,100,1);
The function generates random numbers from the pattern distribution. One of possible
realizations of them is the vector V:
Table 7 Generated random numbers from pattern distribution

30
95
94
91

92
54
81
90

87
82
98
94

88
96
46
36

86
56
32
81

81
54
60
73

64
94
72
42

86
23
75
84

33
61
62
85

38
84
87
48

11
47
28
82

97
86
73
99

97
90
60
80

34
81
62
87

78
86
31
74

86
90
84
15

59
51
58
60

89
85
39
90

83
32
2
67

75
81
58
26

56
91
83
81

89
94
92
69

93
80
17
88

88
58
93
82

73
86
35
90

The histogram can be obtained by using the code:
[n,x] = hist(V,length(PDFProbs));
bar(1:length(PDFProbs),n)
set(get(gca,'Children'),'FaceColor',[.8 .8 1])

Figure 13: Histogram

To check adequacy of the obtained model, let’s compute some parameters of data (test
grades):
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median(V)
ans =
81
(is close to the given median 80)
prctile(V,30)
ans =
59.5000
(is close to the given requirement that amount of failed students(having less than 60
grades) should be 30% of total number of students.
Other parameters are also close to the required ones.
Now we can estimate (using relevant Matlab statements) values of the pattern distribution
in interpolation points, that is, we can estimate the values of various percentiles (namely, 10th,
20th, 30th, 40th, 50th, 60th, 70th, 80th, 90th percentiles) of the pattern distribution to be
compared with actual tests grades’ percentiles. The Matlab statements are:
x_interpolation=[0:10:100];
x_length=length(x_interpolation);
Fvalues=zeros(1,x_length);
Fvalues=F(x_interpolation)
The results :
Table 8 Cumulative distribution of the percentiles

0

0.0211

0.0575

0.1064

0.165

0.2305

0.3

0.3792

0.5

0.8196

1

As we saw above, the GLD Percentile-Based Approach to Fitting Distributions
intensively uses operations with percentile functions PF (inverse cumulative distribution
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functions ICDF). Recall that percentile function of the stochastic variable X is the function Q(y)
which, for each y between 0 and 1, tells us the value of x such that F (x) = y:
Q (y) = (The value of x such that F (x) = y), 0 ≤ y ≤ 1
We can compute a nonparametric estimate of the inverse CDF. In fact, the inverse CDF
estimate is just the CDF estimate with the axes swapped. The Matlab statements:
y_interpolation=[0:0.1:1];
y_length=length(y_interpolation);
Q = @(y_interpolation) interp1(Fvalues,x_interpolation,y_interpolation, 'pchip','extrap');
Q(y_interpolation)
ans =
Table 9 Piecewise Cubic Hermite Interpolant Polinomial (PCHIP) to estimate values of ICDF

0

28.7949

45.4465

60

72.086

80

83.7418

86.2878

89.2363

93.9273

100

Here we again use the Piecewise Cubic Hermite Interpolant Polinomial (PCHIP) to
estimate values of ICDF. The graph of the ICDF can be plotted using the following statements:
plot(y_interpolation,Q(y_interpolation))
ylabel('x'); xlabel('Q(y)');

Figure 14: PCHIP to estimate values of ICDF
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Having values of PF we can compute now the values of

𝜌̂1 , 𝜌̂2 , 𝜌̂3 𝑎𝑛𝑑 𝜌̂4 using

expressions
(5)-(8). The Matlab statements are:
Rho1=Q(0.5);
Rho2=Q(0.9)-Q(0.1);
Rho3=(Q(0.5)-Q(0.1))/(Q(0.9)-Q(0.5));
Rho4=(Q(0.75)-Q(0.25))/Rho2;
The results are: Rho1= 80; Rho2= 65.1324; Rho3= 3.6766; Rho4= 0.5331;
Now we have to run the procedure P-KS (see section 4 and the Matlab function
‘FitLambda (Data,u,l3min,l3max,l4min,l4max, left_bound, right_bound,step,file_name) in
Appendix) to compute the values of GLD parameters λ1, λ2, λ3 and λ4. The input parameters of
the function are:
The parameter Data is the vector V (see above the result of the function
discreteinvrnd()):
Table 10 Obtained values from the function

30
95
94
91

92
54
81
90

87
82
98
94

88
96
46
36

86
56
32
81

81
54
60
73

64
94
72
42

86
23
75
84

33
61
62
85

38
84
87
48

11
47
28
82

97
86
73
99

97
90
60
80

34
81
62
87

78
86
31
74

86
90
84
15

59
51
58
60

89
85
39
90

83
32
2
67

75
81
58
26

56
91
83
81

89
94
92
69

93
80
17
88

88
58
93
82

73
86
35
90

Other parameters:
u=0.1; l3min= -2; l3max=2; l4min=-2; l4max=2; step=30; left_bound= -1000;
right_bound =1000;
The function ‘FitLambda’ performs the complex search in the parameter space (λ3, λ4)
and for all pairs computes the Kolmogorov – Smirnov (KS) criterion. The solution with the best
KS criteria for all possible combinations of pairs (λ3, λ4) and associated with them pairs of (λ1,
λ2) is selected. The result of the function execution is (L1 corresponds to Lambda1, L2
corresponds to Lambda2, etc.):
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L1 = 76.5840; L2 = 0.0096; L3 =0.1060; L4 = 0.1579
As it was explained above, knowing λ1, λ2, λ3, λ4 and using formulas (1) and (2) , we can
build the PDF curve: we take a grid of y values (such as .01, .02, .03, . . ., .99, that give us the
1%, 2%, 3%, . . ., 99% points), find x at each of those points from (1), and find f(x) at that x from
(2). Then, we plot the pairs (x, f(x)) and link them with a smooth curve.
2.3

Building the Integrated PDF of Actual Grades Distributions
Now, by using a modification of the desirability function (see chapter 3, [3]) we have to

create single integrated PDF curve (which represent PDF curves of all actual tests). For our goals
it is just enough to create a single integrated PDF curve by using the arithmetical mean. Suppose
that there are PDF curves of R actual tests (given in interpolation points i, namely, i mean points
of 10th, 20th, 30th, 40th, 50th, 60th, 70th, 80th, 90th percentiles, see explanation above),
denoted as Fr(xi), (r = 1 …….R). They are combined to achieve an overall PDF curve D:
R

D(i ) 

 (F (x )
1

r

R

i

(2.12)

,

The integrated PDF curve should be compared with the pattern PDF curve obtained
above. To determine the closeness (or distinction) of distribution functions (and, thereby,
determine the quality of learning process) we’ll use Kullback–Leibler Divergence (Perez-Cruz,
2008).
2.3.1 Basic Notions of Information Theory and Informational Geometry
Entropy. If X is a discrete random variable and f (x) is the value of its probability
distribution at x, then the entropy of X is:
H ( x)    f ( x) log 2 f ( x)

(2.21)

xX



Entropy is measured in bits (the log is log2);



intuitively, it measures amount of information (or uncertainty) in random variable
(the entropy of a variable is a measure of the uncertainty in its distribution).



it can also be interpreted as the average length of message to transmit an outcome
of the random variable;
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note that H(X) ≥ 0 by definition.

For a random variable X = {0, 1} assume two distributions f (x) and g(x) with f (0) = 1 − r ,
f (1) = r and g(0) = 1 − s, g(1) = s:
Assume that r = ½ and s=1/4

Figure 15: f(x) and g(x) distributions

Blue line corresponds to the distribution f(x) and the red line - to the distribution g(x). Of
course, the distributions are discrete, that is, there are probabilities only for two values 0 and 1
on the axis X (between 0 and 1 there are no values of probabilities).
Let us calculate the entropy for the variable X with probability distributions functions
f(x) and g(x). We will use the formula:
H ( x)    f ( x) log 2 f ( x)
xX

Entropy H1(x) with the function f(x) is calculated as follows:
H1(X)= -[1/2*log ½+ ½*log ½]=-[1/2*(-1)+1/2*(-1)]=-(-1/2-1/2)=-(-1)=1 bit (2.13)
The entropy measures amount of information (or uncertainty) in random variable X
which has probability f(x). Intuitively, an entropy of 0 means that the random variable is
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determinate; it contains no information (or uncertainty). The entropy 1 means that the random
variable is maximally uncertain.
Indeed, here we have probability ½ for both x=0 and x=1, that is, we cannot find any
tendency (rule) in the distribution of probability (this is the case of complete uncertainty):

Figure 16: Distribution of Probability

This can also be interpreted as the average length of message to transmit an outcome of
the random variable: the average length of message is 1 bit. That is, 1 bit is enough to transmit
two possible values of probability: we can use bit 0 to encode the probability value ½ in the point
x=0 and bit 1 to encode the probability value ½ in the point x=1.
Example. 8-sided die.
Suppose you are reporting the result of rolling a fair eight-sided die. What is the entropy?
The probability distribution is f (x) = 1/8 for x = 1 . . . 8. Therefore entropy is:
8
8
1
1
1
H ( x)   f ( x) log f ( x)   log   log  log8  3bits
8
8
x 1
x 1 8

This means the average length of a message required to describe (encode) the outcome of
the roll of the die is 3 bits.
Suppose you wish to send the result of rolling the die. What is the most efficient way to
encode the message? The entropy of the random variable is 3 bits. That means the outcome of
the random variable can be encoded as 3 digit binary message:
Table 11 3 digits binary message
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Now the entropy H2(x) with the function g(x) is calculated as follows:
H2(X)= -[3/4*log 3/4+ 1/4*log 1/4]=-[3/4*(-0.415)+1/4*(-2)]=-(-0.31125-1/2)=
-(-0.81125)=0.81125 bit

(2.14)

So, the average length of message to transmit an outcome of the random variable g(x) is
0.81125 bit. Of course, the value 0.81125 bit is nonsense, because the minimum piece of
information is 1 bit. But here we must take in to account that this is the average (!) length of the
message.
We can also imagine that the distribution of probabilities ¾ in the point x=0 and ¼ in the
point x=1 is more informative (less uncertain): we can find some order (rule, tendency) in this
distribution. That is why the entropy is 0.81125 (less than 1, as it was in the case of f(x) – the
case of full uncertainty).

D(f || g)  (1  r) log

D( g || f )  (1  s) log

1 r
r
 r log
1 s
s

1 s
s
 s log
1 r
r

If r = s then D(f ||g) = D(g||f) = 0. If r = 1/2 and r=1/4 :
1
1
1
D(f || g)  ( ) log 2  log
3 2
2
4

1
2  0.2075
1
4

D(f || g)  0.1887

Here the Kullback-Leilbler(KL) Divergence (or relative entropy) for this two
probability distribution f(x) and g(x) is calculated.
For example, D(g||f) is 0.1887

(2.14)

The KL divergence can be used to compare the entropy of two distributions over the
same random variable (Reyes and Valle, 2012; Erven and Harremoes, 2014). It measures how far
a distribution is from each other. Intuitively, the KL divergence number of additional bits
required when approximating a random variable with a distribution f (x) using the alternative
distribution g(x). In other words, the KL divergence is the “coding penalty” associated with
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selecting a distribution g(x) to approximate the true distribution f(x) (if we take distribution g(x)
instead of distribution f(x)).
Indeed, D(g||f) was calculated 0.1887. It means that if we want take the function f(x) to
represent the function g(x) (to approximate the function g(x) with the function f(x)). Now, if we
take the formula (2.14) and formula (2.13), the difference between them is 1-0.81125=0.1887 bit.
That is, the average additional amount of bits required to represent (to encode) the function g(x)
using the function f(x) is 0.1887 (”coding penalty”).
In general, in probability theory and information theory, the Kullback–Leibler
divergence (also relative entropy) is a non-symmetric measure of the difference between two
probability distributions P and Q. KL measures the expected number of extra bits required to
encode samples from P when using a code based on Q, rather than using a code based on P.
Typically P represents the "true" (given, desired) distribution of data, observations, or a precise
calculated theoretical distribution. The measure Q typically represents a theory, model,
description, or approximation of P.
For probability distributions P and Q of a discrete random variable their KL divergence
is defined to be

(2.22)
In other words, it is the average of the logarithmic difference between the probabilities P
and Q, where the average is taken using the probabilities P. The K-L divergence is only defined
if P and Q both sum to 1 and if Q(i) > 0 for any i such that P(i) > 0. If the quantity 0log0 appears
in the formula, it is interpreted as zero.
For distributions P and Q of a continuous random variable, KL-divergence is defined
to be the integral:

(2.23)
where p and q denote the densities (PDF: Probability Density Function) of P and Q.
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Figure 17: Illustration of the Kullback–Leibler (KL) divergence for two normal Gaussian distributions

In the Fig. 17 three continuous probability functions are compared with the “true”
(desired) function (blue curve with the mean 0). The most close function is the red curve, the
most far function is the green curve.
DKL(P||Q) for the “true” and the red curve is equal to the area under the closest red curve
(the minimum area)
DKL(P||Q) for the “true” and the yellow curve is equal to the area under the yellow curve
(the intermediate area)
DKL(P||Q) for the “true” and the green curve is equal to the area under the most far green
curve (the maximum area)
If the functions f(x) and g(x) in all points xi are equal (f(xi)=g(xi)), then the area under the
curve DKL(P||Q) is zero. So the Kullback–Leibler divergence DKL(P||Q) can be used to compare
distribution of function and will be used for robust equating in the thesis.
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2.3.2 Kullback Leibler Divergence Metrics for Pattern and Actual Grades Distributions
Let D and P be two PDFs, defined on Rn , where n is the dimension of the observed
vectors x. The Kullback-Leibler divergence (KL divergence) between D and P is defined as:

KL( D || P)   D( x) log
n

D( x)
dx
P( x)

(2.15)

Here D(x) is an integrated PDF, obtained in (4), and P(x) is a pattern PDF.
The problem of obtaining good upper and lower bounds for the relative entropy attracts
considerable interest in information theory .We use the following estimation of upper bounds
(Demir, Rodonaia, and Milnikova, 2014, Gofman and Kelbert, 2012):
n

 n D( xi ) 2
D( xi )
KL( D || P)  min 
 1, 
D( xi )  P( xi ) 
P( xi )
1

 1 P( xi )
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(2.16)

3
3.1

CHAPTER III

METHODOLOGY

The Essence of the Problem of Finding Appropriate Values of Relevant Parameters
In the second chapter and in the paper (Demir, Rodonaia, and Milnikova, 2014) we

introduced the “closeness” of pattern and actual distribution functions. Data that is evaluated in
this chapter is taken from the actual exam results of production management lecture of both in
Salahaddin University or Ishik University. Students of this lecture are not selected specifically
and their GPA levels are random. Parameters of the output are provided by survey and
observation.
To evaluate the degree of the closeness we used the following estimation of upper bounds
for Kullback-Leibler distributions:
n

 n D( xi ) 2
D( xi )
KL( D || P)  min 
 1, 
D( xi )  P( xi ) 
P( xi )
1

 1 P( xi )

(3.1)

If the Kullback Leibler L metric

KL( D || P) 

D( x)

 D( x) log P( x) dx

(3.2)

n

is more than the value (3.1) we assume that the quality of educational or manufacturing
processes does not match the required standards. In this case, relevant actions to improve quality
must be undertaken.
Let us assume that comparison of integrated pattern and actual distribution gave us
unsatisfactory result: the value (3.2) is more than the value defined in (3.1). This means that the
quality of learning process is poor and we have to reveal courses and groups that caused this
undesired result.
Hence, we have to develop a method which can determine courses (or course) whose
quality (performance) does not match requirement of the pattern distribution. Besides, we’ll
examine ways of improving learning quality in these courses.
First of all, we’ll consider actual exams. For the simplicity, we consider 5 groups, each
containing 20 students (totally 100 students). So, we consider 100 points (grades) obtained in
exams for 2 different courses. Moreover, for each exam we consider several factors which can
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have effect on the quality (that is , on grades obtained). Of course, we assume that such factors
are available and can be determined on the basis of interviews of students (filling corresponding
questionnaires). Again, for the simplicity we consider the following four factors (in general,
number of factors is not crucial for the method developed and any number of factors can be
considered):
1. Total midterm evaluation (the vector ‘tme’) of the student, that is, grades obtained by
a student for laboratory works, practical works, quizzes, midterm exam(s) during the
current semester; the possible values of this parameter are in the range is: 20÷60; the
values of the parameter are filled in the questionnaire by a student.
2. Average number of hours (per week) (the vector ‘home_works_hours’) that each
student has spent on home assignments or home work during the current semester; the
possible values are in the range 0.1÷5 hours; the values of the parameter are filled in
the questionnaire by a teacher.
3. Average grades (the vector ‘aver_prerequizites’) that each student has obtained for all
prerequisites of the current subject (the vector ‘aver_prerequizites’); the possible
values are in the range 51÷100; the values of the parameter are filled in the
questionnaire by a student.
4. The difficulty level of the exam (the vector ‘exam_difficulty’):
1 = No study required
2 = Light revision required
3 = A reasonable effort required
4 = Some real study required
5 = A significant effort requires
The values of the parameter are filled in the questionnaire by a teacher
Let’s consider the first factor (parameter). We have the following (sorted) distribution of
grades obtained by a student for laboratory works, practical works, quizzes, midterm exam(s):
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Table 12 Grades obtained from midterm

20
33
39
47

21
30
39
47

23
34
39
48

23
34
40
49

25
35
40
49

25
34
41
49

26
35
41
49

26
36
42
50

26
36
42
51

27
37
41
51

28
37
42
51

29
36
42
52

30
37
43
52

30
37
43
54

31
37
44
53

30
37
44
54

30
38
45
54

31
38
45
55

31
38
45
55

32
37
45
55

32
38
46
56

32
38
45
56

32
38
46
57

33
38
46
59

33
38
47
58

The second factor- the average number of hours (per week) that each student has spent on
home assignments or home work during the current semester:
Table 13 Number of hours that each student spend

0.49
1.20
1.70
2.50
2.90
3.40
3.80

0.51
1.30
1.80
2.50
2.90
3.40
3.80

0.65
1.30
1.80
2.50
3.10
3.40
3.80

0.65
1.30
1.80
2.50
3.10
3.40
3.80

0.78
1.40
2.00
2.60
3.10
3.50
4.10

0.78
1.40
2.00
2.70
3.20
3.50
4.20

0.86
1.40
2.10
2.70
3.20
3.50
4.50

0.86
1.40
2.20
2.70
3.20
3.60
4.80

0.88
1.40
2.20
2.70
3.30
3.60
4.80

0.90
1.50
2.20
2.70
3.30
3.70
4.90

0.96
1.50
2.20
2.80
3.30
3.70

1.10
1.50
2.40
2.80
3.30
3.70

1.10
1.50
2.40
2.80
3.30
3.70

1.10
1.70
2.50
2.80
3.30
3.70

1.20
1.70
2.50
2.80
3.30
3.70

The third factor - average grades that each student has obtained for all prerequisites of the
current subject:
Table 14 results that each student obtained from prerequisites

51
61
70
80

51
62
70
80

51
63
71
81

52
62
72
80

52
63
72
81

52
63
72
82

53
67
72
83

54
64
74
82

53
65
74
83

56
64
75
85

57
65
75
84

57
66
75
84

57
65
75
85

57
68
74
85

58
67
76
87

58
67
76
86

59
68
76
87

59
68
77
87

59
68
76
88

58
69
77
88

59
68
77
89

59
69
78
90

60
69
76
95

60
70
79
95

61
69
79
97

The fourth factor - difficulty level of the exam; for all students difficulty level is 3
(medium level).
On the basis of these factors (parameters) the independent training set (the 4x100 array
‘independent_training_set’) has been formed:
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Table 15 Columns 1 through 12

20 21 23 23 25 25 26 26 26 27
0.5 0.5 0.7 0.7 0.8 0.8 0.9 0.9 0.9 0.9
51 51 51 52 52 52 53 54 53 56
3
3
3
3
3
3
3
3
3
3

28
1
57
3

29
1.1
57
3

Table 16 Columns 13 through 25

30 30 31 30 30 31 31 32 32 32 32 33
1.1 1.1 1.2 1.2 1.3 1.3 1.3 1.4 1.4 1.4 1.4 1.4
57 57 58 58 59 59 59 58 59 59 60 60
3
3
3
3
3
3
3
3
3
3
3
3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . .
Table 17 Columns 97 through 100

56 57 59 58
4.5 4.8 4.8 4.9
90 95 95 97
3
3
3
3

Now we form the dependent training set (the vector ‘dependent_training_set’), that is
grades obtained by students for one of the actual exams:
Table 18 grades obtained by students for one of the actual exams

12
33
51
66
81

12
34
53
67
81

17
35
54
67
82

18
36
55
67
82

21
37
55
70
82

22
39
55
71
83

23
40
55
72
83

24
40
56
73
84

24
41
56
73
86

24
41
57
74
87

26
43
57
75
88

27
45
57
77
88

28
46
58
77
89

28
46
62
77
89

28
46
63
78
90

30
46
64
78
90

30
46
64
79
92

31
48
65
80
97

31
50
66
80
99

33
50
66
80
99

As one can see, the distribution of grades is as follows: about 50% of students have
grades less or equal 60, about 30% of students have grades between 61 and 80, about 18% of
students gave grades between 81 and 95, and 2% of students have grades between 96 and 100.
This distribution of grades, of course, does not match the pattern (required) distribution
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Now we have to perform the following task: to find the dependence of the grades on
these factors (parameters) (which form the independent training set) and then try to determine
the minimum values of the factors that will bring the actual distribution to the pattern one. That
is, percentage of the students who received corresponding grades must match the values required
by the pattern distribution. For example, percentage of students who received grades less or
equal 60 must be 40%, percent of students who received grades between 61 and 80 must be 20%,
percent of students who received grades between 81 and 95 must be 30%, and percent of
students who received grades between 96 and 100 must be 10%. The percentage of actual grades
(see above) is quite different.
To perform this task there are many difficulties. The character of the dependence of the
percent distribution of students received certain marks on these parameters is absolutely unclear.
Moreover, the dependencies in our case are likely non-linear. Consequently, it is impossible to
determine in advance the type of regression dependence, which is necessary to carry out the
regression analysis.
3.1.1 Metamodeling
In general, to meet the challenge of increasing model complexity, new design and
optimization methods are being sought. As a result, metamodel which is often called surrogate
model or response surface as a widely used approximation model to replace the unknown real
dependencies between independent and dependent variables is proposed and improved by
researchers. Metamodels are created by a mathematical description based on a dataset of input
and the responding output from the detailed simulation model (Pan, Ye, Wang, and Yang, 2011)
Figure 18.

Figure 18: The concept of metamodeling for a response depending on two design variables
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The mathematical description, i.e. metamodel type, suitable for the approximation could
vary depending on the intended use or the underlying physics that the model should capture.
Different datasets are appropriate for building different metamodels. The process of where to
place the design points in the design space, i.e. the input settings for the dataset, is called design
of experiments (DOE). Traditionally, the metamodels have been simple polynomials, but other
metamodels that are better at capturing complex responses increase in popularity. Before using
the metamodels, it is important to know the accuracy of the model, i.e. how well the metamodel
represents the underlying detailed simulation model. This could be done by studying different
error measures. When the metamodel is found to be accurate enough, it can be used for
optimization studies. Several methods exist for finding the optimal solution. Some of these
methods will later be explained in more detail, as well as different metamodel types, DOEs, and
error (Ryberg, 2013).
There are several reasons for using metamodels in optimization studies measures. One
important reason is, as mentioned earlier, the computational time. Another reason for using
metamodel-based design optimization could, in fact, be the quality of the optimization results.
Building metamodels may filter physical high frequency and numerical noise and hence make it
easier to find the global optimum. Metamodels could also make it possible to use advanced
optimization algorithms which are better suited for finding global optima but require many
evaluations. In addition, metamodels render a view of the entire design space and might also
make it easier to detect errors in the original (simulation) model since the entire design region is
analysed. When the metamodels are built, it is also inexpensive to rerun optimizations, e.g. with
changed constraint limits. This makes it possible to investigate multiple scenarios almost without
any additional cost.
The main drawback of using metamodels in optimization studies are the introduction of
an additional source of error. The metamodels are approximations of the detailed original
(simulation) models and to be useful they need to be accurate enough. In general, the more
evaluations from the detailed original simulation model that are available, the more accurate
metamodels can be built. The time to build the metamodels will, however, increase accordingly.
There are many types of metamodels to choose from and many other decisions that need to be
made in order to build a good metamodel. This means that additional knowledge is required
among the people involved in the optimization work and that suitable software must be available.
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3.2

Design of Experiments
In order to build a metamodel, a dataset of input (design variable settings) and

corresponding output (response values) is needed. The theory on where these design points
should be placed in the design space in order to get the best possible information from a limited
sample size is called design of experiments (DOE). Design of experiments models have been
widely used in order to optimize the parameters of an output (Goupy and Creighton, 2007;
Parida and Datta, 1997; Nolan, Provost, and Moen, 1998; Montgomery, 2000; Collins, Dziak,
and Li, 2010). The classical experimental designs are primarily used for screening purposes and
as a base for building polynomial metamodels. When the dataset is used to fit a more complex
metamodel, other experimental designs are preferred.
3.2.1 Classical Experimental Design
The theories of design of experiments originate from planning physical experiments. The
idea is to gain as much information as possible from a limited number of experiments. The
methods focus on planning the experiments so that the random error from the physical
experiments has minimum influence in the approval or disapproval of a hypothesis. Popular
designs include factorial or fractional factorial designs, central composite designs, Box-Behnken
designs, e.g. Myers et al. The information gained from the experiments is often used to identify
the influence on the response caused by variable changes. The result of changing one single
variable is called main effect and the result of changing more than one variable at the same time
is called. Commonly, an approximate polynomial model of the true response is developed
Factorial design is a lk grid of designs where l is the number of levels in one dimension and k is
the number of variables, also called factors. The most common are 2k designs for evaluating
main effects and interactions, and 3k designs for evaluating main and quadratic effects as well as
interactions. The size of the designs increases exponentially with the number of factors and
therefore fractional factorial designs (lk-r) are often used when experiments are costly and many
factors are required. The reduction of the design size means, however, that some effects and/or
interactions are aliased with each other, i.e. cannot be estimated independently. It is therefore
important to choose a fractional factorial design that allows for independent estimations of the
main effects and interactions that are assumed to be important, A fractional factorial design can
always be augmented by additional points to a higher resolution fraction, where more main
effects and interactions can be estimated independently, or to a full factorial where all main
effects and interactions can be estimated.
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When there are many factors, the system is often assumed to be dominated by main
effects and low order interactions (scarcity-of-effects principle). Often 2k or 2k-r designs are used
to identify important factors, i.e. variable screening. One specific family of fractional factorial
designs frequently used for screening is the two-level Plackett-Burman designs. Some of these
designs are saturated, i.e. the number of design points is equal to one more than the number of
factors to be estimated. Saturated fractional factorial designs allow independent estimation of all
main effects if the interactions are negligible.
Another class of small designs is the family of Koshal designs which are saturated for
fitting any polynomial model of order d (d = 1, 2, ...). The first order model is simply a onefactor-at-a-time design which could be used to estimate the main effects. The Koshal design for
fitting a second order model, see Figure 19, includes ten points and all ten coefficients of the
second order model could be estimated. It should, however, be noted that since all the points are
needed to estimate the model parameters no information is left to check the model accuracy
(lack-of-fit).
To fit a linear model, two levels of each variable are needed. If instead, a second order
polynomial should be used, a minimum of three levels are needed for each variable. A 3k or 3k-r
design can be used but requires often too many design points. The most common class of designs
for fitting a second order model with limited number of design points is instead the central
composite designs (CCDs). The CCD is a two level (2k or 2k-r) factorial design, augmented by
nc centre runs and axialruns, see Figure 19. The distance from the centre to the axial points, α,
and the number of centre runs are selected to get different properties of the design. It should be
noted that nc > 1 is not relevant for studies with deterministic simulations. Another popular
design is the Box-Behnken design (BBD) which is formed by nc centre runs and blocks of 22
designs at which the other factors are held constant. Since the BBD does not have any design
points at the vertices of the hypercube, the BBD is not a good choice if predictions of the
response at the extremes are important.
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Figure 19: Experimental designs in three variables for fitting second order models

Different criteria can be used to evaluate the experimental designs. Some criteria focus
on good estimation of model parameters while others focus on good prediction in the design
region. The most well-known and often used criterion is the D-optimality, which focuses on
good model parameter estimation, but also A-, G-, V-, and I-optimality could be studied. A
design is said to be D-optimal if the determinant of the so-called moment matrix |M| is
maximized

where X is the model matrix which has n rows, one for each design point, and p columns,
one for each coefficient to be estimated. The D-efficiency could be used to compare designs of
different sizes and is comparing the design at hand against a D-optimal one

(3.3)
Generating a D-optimal design is an optimization task in which a computer algorithm
chooses the best set of design points in order to maximize |XTX|. The total number of design
points to be used and the model that should be fitted are given as input. Often the algorithm
chooses the best possible subset from a candidate set, which usually is a full factorial design.
Another method is to start from a random design of the correct size and then adjust the positions
of the design points.
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3.2.2 Experimental Design for Complex Metamodels
As mentioned earlier, the classical experimental designs focus on reducing the effect of
noise in physical experiments. They also tend to spread the sample points around the border and
only put a few points in the interior of the design space. The DOE for computer experiments
needs to consider the fact that computer models are deterministic, i.e. will give the same result
for a specific set of input each time, assuming numerical noise is negligible. This means that
repeated runs are not needed. Often many design variables are studied over a large design space
and generally a complex metamodel should be fitted. There seem to be a consensus among
scientists that a proper experimental design for these cases should be space-filling, which aims to
spread the design points within the complete design space. This is desired when the form of the
metamodel is unknown and when interesting phenomena can be found in different regions of the
design space. Space-filling designs allow a large number of levels for each variable with a
moderate number of experimental points. These designs are especially useful in conjunction with
non-parametric metamodels (such as neural networks) and Kriging.
The first space filling design, the Latin hypercube sampling (LHS), was proposed by
McKay and is a constrained random design. For each of the k variables the range of each
variable is divided into n non-overlapping intervals of equal probability. One value from each
interval is selected at random but with respect to the probability density in the interval. The n
values of the first variable are then paired randomly with the n values of the second variable.
These n pairs are combined randomly with the n values of the third variable to form n triplets,
and so on, until n k-tuplets are formed. This result in an n × k sampling plan matrix S, where the
k columns describe the levels of each variable, and the n rows describe the variable settings for
each design, see Fig.20.:
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Figure 20: Latin hypercube sampling for two variables at five levels, one normally distributed variable and the
other uniformly distributed.

Mathematically, this could be described as a basic sampling plan matrix X with elements

where πj(1), ... , πj(n) are independent uniform random permutations of the integers 1 to n
and Uij are independent uniformly distributed random variables between 0 and 1, independent of
πj. Each element of X is then mapped according to its marginal distribution to get the final
sampling plan S

where represent the inverse of the target cumulative distribution function for variable j.
Orthogonal arrays (OAs) could be used to improve the LHS. An orthogonal array of
strength t is a matrix of n rows and k columns with elements from a set of q symbols (q ≥ 2),
such that in any n × t submatrix each of the qt possible rows occurs the same number λ of times.
Consequently, n = λqt. The array is denoted OA(n, k, q, t) and is said to be of size n with k
constraints and q levels. The number λ is called the index of the array.
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Figure 21: The sampling plan matrix

This sampling plan matrix shown four times for an orthogonal array, OA(8, 5, 2, 2) with
λ = 2 and q = 2 (symbols 0 and 1), i.e. every combination of the two symbols appears twice
regardless of which two columns are studied (not only the combinations shown in the figure)
There are two reasons why the OA might not be used directly; lack of flexibility and
point replicates. Given a desired sample size (n) for a set of variables (k) at a required number of
levels (q) with a specific strength (t), the OA might not exist. In addition, OA designs that after
screening are projected onto a subspace of the most important variables can, in the general case,
result in replication of points, which is not desired for deterministic simulations
3.2.3 Sampling Size and sequential Sampling
Several factors are important for determining how well the metamodel will fit the true
response.
Two of the important factors are the number of design points used for fitting the model
and their distribution in the design space. In order to build a polynomial metamodel, there is a
fixed minimum number of design points required, depending on the number of variables.
However, it is usually desirable to use a larger sampling size than the minimum required, i.e. to
use oversampling, to be able to improve the accuracy and also have the potential to estimate how
good the metamodel is. For non-parametric metamodels, such as neural networks, there is no
such minimum sample size, although the accuracy of the metamodel will be limited if the
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sampling size is too small. Also, the more complex response the metamodel should capture the
larger sample size it requires.
The minimum sample size, nmin, needed to fit a linear or a full quadratic metamodel is

and

(3.4)
respectively, where k is the number of variables. These design points must be unique (no
replicates) and contain at least two levels for each variable for the linear model and three levels
for each variable for the quadratic model.
Detailed simulation models are often time-consuming to run. The question in practice is
therefore often how many design points that are needed to fit a reasonably accurate metamodel.
It has been proposed that a minimum of 3k sampling points, where k equals the number of
variables, are needed to build a reasonably accurate metamodel. An initial sampling size of
between 3k and 4k could therefore be sensible, at least if k is not too large. Note that this number
is less than what is needed to build a quadratic model with all interactions. It is, however,
difficult to know the appropriate sampling size beforehand. Therefore sequential sampling can be
used to avoid issues with too many, i.e. unnecessary time-consuming, or too few design points
giving low metamodel accuracy. A limited number of designs could then be used as a starting
point and if required, additional points could be added later.
Sequential sampling is typically based on some optimality criteria for experimental
designs. When information from previously fitted metamodels is used in the sequential sampling,
the sampling is said to be adaptive. Many different sequential approaches have been proposed.
Some of the adaptive approaches select a new sample set based on an existing model fitted to an
existing set. Kriging models, for example, provide an estimate of the prediction error at an
unobserved point. This estimate is called mean squared error (MSE) and is the base for some
approaches. For other models, where an estimate of the prediction error is not provided, cross
validation (CV) can be used to estimate the prediction error Based on the existing sample set
with n points, the prediction error in point x can be estimated by a leave-one-out error, i.e.
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(3.5)
where ŷ(x) denotes the prediction of the response for x on the metamodel created based
on all n existing sample points and ŷ-i(x) denotes the prediction of the response for x using the
metamodel created based on (n - 1) existing sample points with the ith point omitted (i = 1, 2, …
, n). With the CV approach, the point with the largest prediction error according to the above
equation is selected as the new sample point. The idea is hence similar to the MSE approach.
3.2.4 Types of Metamodels
Different approaches are used to build the metamodels. Parametric techniques are based
on an apriori chosen functional relationship between the design variables and the response. The
metamodel is fitted to the dataset of design variables and corresponding responses from the
detailed model by determining the coefficients of the chosen function. Examples of metamodels
built in this way are polynomial and Kriging models. Non-parametric techniques are used to
build different types of neural network models, multivariate adaptive regression splines
(MARS), support vector machines (SVM) and support vector regression (SVR). These
techniques do not have an a-priori functional form, instead they use an a-priori method for
constructing an approximating function based on the available dataset. This is done by the use of
various types of simple local models in different regions, which are then combined to build an
overall model. The most promising (for our purposes) type of the metamodels – artificial neural
networks - are considered below.
3.2.5 Optimizing Strategies
Optimization can be defined as a procedure for achieving the best solution to a specific
problem while satisfying certain restrictions. A general optimization problem was formulated as
follows:
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Where f and g are functions of the design variables x = (x1, x2, ... , xk)T. The objective
function f is the quantity to be minimized (or maximized) and the constraint functions g represent
the restrictions.
Optimization can be performed using the detailed simulation model, or using its
metamodel representation. The first method is called direct optimization and is suitable for
inexpensive simulations and/or optimization algorithms that require relatively few evaluations to
find the solution. The detailed simulations are in many cases computationally expensive, and a
single simulation could take hours to run. In these cases, it can be beneficial to first build
metamodels and then perform metamodel-based design optimization. Since evaluations on
metamodels are very fast compared to evaluations using detailed simulations, it is not as
important to have an efficient optimization algorithm for metamodel-based design optimization
as it is when performing direct optimization. The focus is therefore then more often put on
selecting a robust method that will find the global optimum and not only a local one.
Metamodel-based design optimization can be performed using different strategies. If
there is only a fixed limited simulation budget available, the best idea is probably to use as many
simulations as could be afforded to build the metamodels from a DOE of sampling points
selected in one single stage. After proper validation, the metamodels from this DOE are
hopefully found to be accurate enough to be used for optimization in a single stage strategy.
Another strategy is to do the sampling of points sequentially. A limited number of points are then
chosen for each iteration, and more and more refined metamodels are built and used for
optimization in a sequential strategy. This approach has the advantage that the iterative process
can be stopped as soon as the metamodels or optimum points have sufficient accuracy. Both the
above mentioned strategies are good for design exploration but require flexible metamodels that
can adjust to an arbitrary number of points and capture complex responses. Polynomial
metamodels are therefore not suitable in these cases. Since the metamodels for both these
strategies are built to have approximately the same accuracy within the complete design space,
these methods are preferred over the ones described in the following when constructing a Pareto
optimal front.
The sequential strategy with domain reduction is similar to the sequential strategy
described above. However, in each iteration the subregion where the new points are selected,
also called the region of interest, is reduced in size and moved within the design space to close
in on the optimum point. In sequential adaptive metamodelling, all the available points are used
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for building global metamodels. The approach requires a flexible metamodel that can capture
complex responses and is a good method for converging to an optimum. Another very popular
method, which has proven to work well in the past, is the sequential response surface method in
which only the points in the current iteration is used to build a local (often linear) polynomial
metamodel. Despite its simplicity, this method can in fact work remarkably well and outperform
the other approaches since global metamodels often are insufficiently accurate. However, the
method is only suitable for convergence to one single optimum and should not be used to
construct a Pareto optimal front or to do any other type of design exploration, since the
metamodels only are valid locally within the design space. Another drawback is that many
iterations can be required to find the optimum point for complex responses. In Fig. 22 and Fig.
23, the different strategies are described schematically and compared for the case of a response
depending on only one variable.
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Figure 22: Schematic illustration of different optimization strategies to find the global maximum.

The dark dots indicate current and light dots previous sampling points. The light and dark
stars indicate true and estimated optimum respectively. a) Single stage strategy in which more
points normally give better accuracy. b) Sequential strategy in which the first crude estimation is
improved iteratively by adding points in the whole design space.
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Figure 23: Schematic illustration of different optimization strategies to find the global maximum.

Notations follow the previous figure, and additionally, white dots indicate disregarded
sampling points. a) Sequential adaptive metamodeling in which the global metamodel is
iteratively refined by adding points in a subregion around the estimated optimum. b) Sequential
response surface method in which a simple local metamodel is iteratively built in a subregion
around the estimated optimum. Note that the given example requires more iterations to converge.
3.2.6 Optimizing Algorithm Classification
There are several different algorithms that can be used when solving a specific
optimization problem, regardless of the chosen direct or metamodel-based strategy. A local
optimization algorithm only attempts to find a local optimum, and there is no guarantee that this
optimum also is the global one unless very specific conditions are fulfilled. Thus, if the response
is complex enough to have several local optima, different results can be obtained depending on
the starting point. Most local optimization algorithms are gradient-based, i.e. they make use of
gradient information to find the optimum solution. These techniques are popular because they
are efficient, can solve problems with many design variables, and typically require little
problem-specific parameter tuning. On the other hand, in addition to only finding local optima,
they have difficulty solving discrete optimization problems (in which at least one design variable
only can take discrete values) and may be susceptible to numerical noise. When using a local
optimization algorithm, a simple way of dealing with multiple local optima in the design space is
to use a multi-start approach, in which multiple local searches are performed from different
starting points. In most cases, the global optimum is requested, and a global optimization
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algorithm has a better chance of finding the global or near global optimum. Global optimization
methods can be classified into two main categories: deterministic methods and stochastic (or
heuristic) methods, Deterministic methods solve an optimization problem by generating a
deterministic sequence of points converging to a globally optimal solution. Such methods behave
predictable and given the same input, the algorithm will follow the same sequence of states and
give the same result each time. The deterministic methods quickly converge to the global
optimum but require the problem to have certain mathematical characteristics that often do not
exist. Details regarding these methods are therefore not presented. The stochastic methods are
based on random generation of points that are used for non-linear local optimization search
procedures. The methods are typically inspired by some phenomenon from nature, and have the
advantage of being robust and well suited for discrete optimization problems. Compared to the
deterministic methods they usually have fewer restrictions on the mathematical characteristics of
the problem, can search large design spaces, and do not require any gradient information. On the
other hand, they cannot guarantee that an optimal solution is ever found and they often require
many more objective function evaluations. Stochastic optimization methods are therefore
particularly suitable for MBDO since the evaluations using metamodels are fast. Other
drawbacks associated with stochastic methods include poor constraint-handling abilities,
problem-specific parameter tuning, and limited problem size. Typical stochastic optimization
algorithms include genetic algorithms, evolutionary strategies, particle swarm optimization,
simulated annealing etc., which could be categorized according to Figure 24. Since the different
optimization algorithms have different benefits, hybrid optimization algorithms can be used in
which the merits of different methods are taken advantage of. One example can be to initially
perform a global optimization to find the vicinity of the global optimum, and then use a local
optimization algorithm to identify the optimum with greater accuracy. Classification of
algorithms can also be done according to whether gradient information is used or not. Nonderivative methods, also called zeroth order algorithms, only make use of the functional values,
while derivative methods also takes the gradients into account. Derivative, or gradient-based,
methods can be divided into first and second order methods depending on whether only first
order derivatives are used or if also second order derivatives are considered.
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Figure 24: Classification of global optimization methods including examples of stochastic algorithms.

3.2.7 Gradient Based Algorithms
Gradient-based algorithms typically use an iterative two-step method to reach the
optimum. The first step is to use gradient information to find the search direction and the second
step is to move in that direction until no further progress can be made or until a new constraint is
reached. The second step is known as the line search and provides the optimum step size. The
two-step process is repeated until the optimum is found, see Figure 25. Depending on the
scenario, different search directions are required. For unconstrained problems and constrained
problems without active or violated constraints, a search direction that will improve the objective
function is desired. Any such search direction is referred to as a usable direction. If one or more
constraints are violated, a search direction that will overcome the constraint violations is desired.
For constrained optimization problems with one or more active constraints and no violated
constraints, a search direction that is both usable and feasible (do not violate any constraints) is
required.
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Figure 25: Schematic picture of a gradient-based optimization algorithm for the case with twodesign variables.

In the figure, the response values are indicated by the iso-curves and the star represents
the optimum solution for a) unconstrained optimization and b) constrained optimization. The
unfeasible region violating the constraints is marked by the shaded areas.
Different gradient-based algorithms differ mostly in the logics used to determine the
search direction. In the steepest descent method, the search direction in iteration I is based only
on the gradient of f(xi) and the search direction is the direction in which the objective function
f(xi) locally decreases the most. If an exact line search is made in each iteration, then two
consecutive search directions will be orthogonal to each other. The steepest descent method
works well for many problems. However, the method may experience slow convergence for
some problems due to the zig-zag shaped trail of points with successively smaller steps. The
method is called steepest ascent when used for maximization problems. For most optimization
problems, the gradient information is not readily available but can be obtained using a finite
difference technique. However, this way of obtaining the gradients is expensive and typically
dominates the total computing time required to complete the optimization
3.2.8 Evolutionary (Genetic) Algorithms (EA, GA)
Evolutionary algorithms (Eas) try to mimic biological evolution and are inspired by
Darwin’s principle of survival of the fittest. During the 1960s, different implementations of the
basic idea were developed in different places. The algorithms are based on several iterations of a
principal evolution cycle (Fig. 26).
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Figure 26: The basic evolution cycle followed by evolutionary algorithms

The process starts with a random population of candidate designs. The response value
representing the objective function gives the fitness of each design in the population. Based on
this fitness, some of the better candidates are chosen to seed the next generation. By applying
recombination and/or mutation to these so called parents, a set of new candidates, the offspring,
is formed. The offspring then compete, based on their fitness and possibly age, with the parents
for a place in the next generation. This process can be iterated until a candidate with sufficient
fitness is found or until a previously defined computational limit is reached. Different variants of
evolutionary algorithms follow the same basic cycle. They differ only in details related to a
number of components, procedures and operators that must be specified in order to define a
particular EA:
1. Representation
The candidate solutions are defined by a set of design variable settings and possibly
additional information. These, so called genes, need to be represented in some way for the EA.
This could, e.g be done by a string of binary code, a string of integers, or a string of real
numbers.
2. Fitness Function
The fitness function assigns a quality measure to the candidate solutions. This is normally
the objective function or a simple transformation of it. If penalty functions are used to handle
constraints the fitness is reduced for unfeasible solutions.
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3. Population
A set of individuals or candidate designs forms a population. The number of individuals
within the population, i.e. the population size, needs to be defined.
4. Parent Selection Mechanism
The role of parent selection is to distinguish among individuals based on their quality and to
allow the better ones to become parents of the next generation. This selection is typically
probabilistic so that high-quality individuals get higher chance of becoming parents than those
with low quality. Nevertheless, low-quality individuals often still have a small chance of getting
selected to avoid the algorithm from being trapped in a local optimum.
5. Variation Operators
The role of variation operators are to create new individuals (offspring) from old ones
(parents), i.e. generate new candidate designs. Recombination, also called crossover, is applied
to two or more selected candidates and results in one or more new candidates. Mutation is
applied to one candidate and results in one new candidate. Both operators are stochastic and the
outcome depends on a series of random choices. Several different versions exist for the various
representations.
6. Survivor Selection Mechanism
The role of survivor selection, also called replacement, is to select the individuals that will
be allowed in the next generation based on their quality. Survivor selection is often deterministic,
for instance ranking the individuals and selecting the top segment from parents and offspring
(fitness biased) or selecting only from the offspring (age biased).
In general, evolutionary algorithms are divided into genetic algorithms, evolution strategies,
evolutionary programming, and genetic programming. Genetic algorithms are often implemented
into commercial software and some also include evolution strategies. These algorithms are
therefore presented in more detail and the differences between them are outlined.
There are several genetic algorithms that differ in representation, variation, and selection
operators. What can be considered a classical GA has a binary representation, fitness
proportionate parent selection, a low probability of mutation, emphasis on genetically inspired
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recombination to generate new candidate solutions, and parents replaced by offspring in the next
generation. This algorithm is commonly referred to as simple GA or canonical GA. Mutation is
typically done by bit flip and recombination in the form of 1-point crossover, see Figure 27. It
has been argued that real-coded GAs often give better results than binary-coded GAs. However,
it is very problem dependent and can actually be more related to the selected crossover and
mutation operators.

Figure 27: Typical variation operators used in simple GA for three variable designs in a binary string
representation.

There are two kinds of these operators such as; A) Recombination with 1-point crossover
where the crossover point is randomly selected. B) Mutation with bit-flip mutation where each
bit is flipped (from 1 to 0 or 0 to 1) with a low probability. The number of flips therefore varies
between individuals.
Evolution strategies (ES) also belong to the EA family. In the original ES algorithm, one
parent individual is subjected to mutation to form one offspring and the best of these two
individuals is chosen to form the next generation. Development of the method has now lead to
more complex algorithms. General ES have a real valued representation, random parent
selection, and mutation as the primary operator for generating new candidate solutions. After
creating λ offspring and calculating their fitness, the best μ are chosen deterministically, either
from the offspring only, called (µ, λ) selection, or from the union of parents and offspring, called
(µ + λ) selection. Often (µ, λ) selection is preferred, especially if local optima exist. The value λ
is typically much higher than the value μ, a ratio of 1 to 7 is recommended. Mutation is
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commonly done by Gaussian perturbation and recombination is either discrete or intermediary,
see Fig. 28. Most ES are self-adaptive which means that some parameters are included in the
representation of the individuals and co-evolve with the solutions so that the algorithm performs
better. A comparison between GAs and ES is presented in Figure 28.

Figure 28: Typical variation operators used in ES for three variable designs with different mutation step sizes σi
for each variable.

These operators those mentioned in the figure are; A) Recombination is commonly
discrete for the variable part and intermediary for the strategy parameter part. Typically, global
recombination is used where the parents are drawn randomly from the population for each
position i. This means that more than two individuals are commonly contributing to the
offspring. B) Mutation by Gaussian perturbation means that each variable is changed a small
amount randomly drawn from a normal distribution. N (0,1) denotes a draw from a normal
distribution with mean 0 and standard deviation 1 and Ni (0,1) denotes a separate draw from the
normal distribution for each variable i.
GAs are non-comprehensive search techniques used to determine, among other things,
the global optimum of a given function that may or may not be subject to constraints. The search
procedure of GAs is stochastic in nature and doesn’t usually provide the exact location of the
optima as some other gradient-based optimization techniques do. However, GA-based
techniques possess two attractive features putting them at an advantage with respect to their
derivative-based counterparts. While GAs may not provide for the mathematically exact solution
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of a given optimization, they usually outperform gradient-based techniques in getting close to the
global optimum and hence avoid being trapped in local ones.
In general, GAs are considered more likely to find the global optimum while ES are
considered faster. A general recommendation is therefore to use a GA if it is important to find
the global optimum, while ES should be used if speed is important and a “good enough” solution
is acceptable.
3.2.9 Multi-objective Optimization and Desirability Function
A typical multiobjective optimization problem with m objective functions is defined as:

To solve this problem the desirability function approach is frequently used [3 ]. The
desirability function approach to simultaneously optimizing multiple equations was originally
proposed by Harrington [4]. Essentially, the approach is to translate the functions to a common
scale ([0, 1]), combine them using the geometric mean and optimize the overall metric. The
equations may represent model predictions or other equations. Originally, Harrington used
exponential functions to quantify desirability. In the further development of the approach the
simple discontinuous functions of Derringer and Suich [5] are used. Suppose that there are R
equations or function to simultaneously optimize, denoted fr(x) (r= 1 …R). For each of the R
functions, an individual “desirability” function is constructed that is high when fr(x) is at the
desirable level (such as a maximum, minimum, or target) and low when fr(x) is at an undesirable
value. Derringer and Suich proposed three forms of these functions, corresponding to the type of
optimization goal. For maximization of fr(x), the function (LB: larger-the better)

can be used, where A, B, and s are chosen by the investigator. When the equation is to be
minimized, they proposed the function (SB: smaller-the better)
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and for target is best situations (NB: nominal-the better),

These functions are on the same scale and are discontinuous at the points A, B, and t 0.
The values of s, s1 or s2 can be chosen so that the desirability criterion is easier or more difficult
to satisfy. For example, if s is chosen to be less than 1 in the second equation d rMin is near 1 even
if the model fr(x) is not low. As values of s move closer to 0, the desirability reflected by the
second equations becomes higher. Likewise, values of s greater than 1 will make d rMin harder to
satisfy in terms of desirability. These scaling factors are useful when one equation is of greater
importance than the others.
Given that the R desirability functions d1 ….. dr are on the [0,1] scale, they can be
combined to achieve an overall desirability function, D. One method of doing this is by the
geometric mean

(3.6)
The geometric mean has the property that if any one model is undesirable (dr = 0), the
overall desirability is also unacceptable (D = 0). Once D has been defined and the prediction
equations for each of the R equations have been computed, it can be use to optimize or rank the
predictors.
Another method to obtain a desirability function (more preferable for our purposes) is
computation of arithmetic mean:
R

D

d
r 1

r

(3.7)

R
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3.3

Neural Networks Basics
Based on the above reasoning, the most adequate approach is the use of the neural

networks. Neural networks models are widely used in the literature for many different purposes
such as parameter optimizing, forecasting, elaboration…etc. (Chen and Chang, 2011; Demir and
Ozsoy, 2014; Engelbrecht, 2014; Kirankumar and Jayaram, 2008; Silva et. al., 2014; Gosukonda,
et. al., 2014; Wang, et. al., 2014; Kaski and Vanhala, 1993). Using this approach it is possible
theoretically reasonable and objective research and identification of the hidden nature of the
above dependence. Neural networks – a powerful modeling tool, allowing to reproduce
extremely complex dependencies. Neural networks are non-linear in nature. In addition, neural
networks can cope with the “curse of dimensionality”, which does not allow to simulate nonlinear dependencies in the case of a large number of variables. Then, after the determination of
this relationship, one can use it to determine the needed values of the parameter. This is the
purpose of the proposed approach.
The idea of artificial neural networks is based on the design of the human brain. The
human brain is constituted by information-processing units (so called neurons) that are
connected by synapses, and it forms the kernel of the human nervous system. It is capable of
processing input signals that are derived from the environment and of providing appropriate
output signals (e.g. certain actions). The advantages of the human information processing system
are complexity, nonlinearity and parallelism. An artificial neural network resembles the human
brain in many respects. It is constituted by neurons which are connected by synapses, it has
ability of mapping input signals onto output signals and to adapt to certain tasks during a training
phase. The output produced by a neural network is called response surface (Beyer, Liebsher,
Beer, and Graf, 2006).
The fundamental building block for neural networks is the single-input neuron, such as
this example (Beale, Hagan, and Demuth, 2014).
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Figure 29: Single-Input Neuron

There are three distinct functional operations that take place in this example neuron. First,
the scalar input p is multiplied by the scalar weight w to form the product wp, again a scalar.
Second, the weighted input wp is added to the scalar bias b to form the net input n. (In this case,
you can view the bias as shifting the function f to the left by an amount b. The bias is much like a
weight, except that it has a constant input of 1.) Finally, the net input is passed through the
transfer function f, which produces the scalar output a. The names given to these three processes
are: the weight function, the net input function and the transfer function.
For many types of neural networks, the weight function is a product of a weight times the
input, but other weight functions (e.g., the distance between the weight and the input, |w − p|) are
sometimes used.
The most common net input function is the summation of the weighted inputs with the
bias, but other operations, such as multiplication, can be used. There are also many types of
transfer functions. Note that w and b are both adjustable scalar parameters of the neuron. The
central idea of neural networks is that such parameters can be adjusted so that the network
exhibits some desired or interesting behavior. Thus, you can train the network to do a particular
job by adjusting the weight or bias parameters.
There are many types of transfer functions. Two of the most commonly used functions
are shown below. The following figure illustrates the linear transfer function
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Figure 30: Linear Transfer Function.

Neurons of this type are used in the final layer of multilayer networks that are used as
function approximators. The sigmoid transfer function shown below takes the input, which can
have any value between plus and minus infinity, and squashes the output into the range 0 to 1.

Figure 31: Log-Sigmoid Transfer Function

This transfer function is commonly used in the hidden layers of multilayer networks, in
part because it is differentiable. The symbol in the square to the right of each transfer function
graph shown above represents the associated transfer function. These icons replace the general f
in the network diagram blocks to show the particular transfer function being used.
The simple neuron can be extended to handle inputs that are vectors. A neuron with a
single R-element input vector is shown below. Here the individual input elements

are multiplied by weights

and the weighted values are fed to the summing junction. Their sum is simply Wp, the
dot product of the (single row) matrix W and the vector p
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Figure 32: Single Row Matrix

The neuron has a bias b, which is summed with the weighted inputs to form the net input
n. (In addition to the summation, other net input functions can be used, such as the
multiplication).
The net input n is the argument of the transfer function f.

The figure of a single neuron shown above contains a lot of detail. When you consider
networks with many neurons, and perhaps layers of many neurons, there is so much detail that
the main thoughts tend to be lost. Thus, an abbreviated notation for an individual neuron have
been devised.

Figure 33 individual neuron

Here the input vector p is represented by the solid dark vertical bar at the left. The
dimensions of p are shown below the symbol p in the figure as R× 1. (Note that a capital letter,
such as R in the previous sentence, is used when referring to the size of a vector.) Thus, p is a
vector of R input elements. These inputs postmultiply the single-row, R-column matrix W. As
before, a constant 1 enters the neuron as an input and is multiplied by a scalar bias b. The net
input to the transfer function f is n, the sum of the bias b and the product Wp. This sum is passed
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to the transfer function f to get the neuron’s output a, which in this case is a scalar. Note that if
there were more than one neuron, the network output would be a vector.
A layer of a network is defined in the previous figure. A layer includes the weights, the
multiplication and summing operations (here realized as a vector product Wp), the bias b, and
the transfer function f. The array of inputs, vector p, is not included in or called a layer
As with the simple neuron, there are three operations that take place in the layer: the
weight function (matrix multiplication, or dot product, in this case), the net input function
(summation, in this case), and the transfer function.
A one-layer network with R input elements and S neurons follows.

Figure 34 one-layer network with R input elements and S neurons

In this network, each element of the input vector p is connected to each neuron input
through the weight matrix W. The ith neuron has a summer that gathers its weighted inputs and
bias to form its own scalar output n(i). The various n(i) taken together form an S-element net
input vector n. Finally the neuron layer outputs form a column vector a. The expression for a is
shown at the bottom of the figure.
Note that it is common for the number of inputs to a layer to be different from the
number of neurons (i.e., R is not necessarily equal to S). A layer is not constrained to have the
number of its inputs equal to the number of its neurons.
You can create a single (composite) layer of neurons having different transfer functions
simply by putting two of the networks shown earlier in parallel. Both networks would have the
same inputs, and each network would create some of the outputs.
The input vector elements enter the network through the weight matrix W.
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Note that the row indices on the elements of matrix W indicate the destination neuron of
the weight, and the column indices indicate which source is the input for that weight. Thus, the
indices in w1,2 say that the strength of the signal from the second input element to the first (and
only) neuron is w1,2.
The S neuron R-input one-layer network also can be drawn in abbreviated notation.

Figure 35 S neuron R-input one-layer network

Here p is an R-length input vector, W is an S × R matrix, a and b are S-length vectors. As
defined previously, the neuron layer includes the weight matrix, the multiplication operations,
the bias vector b, the summer, and the transfer function blocks.
To describe networks having multiple layers, the notation must be extended. Specifically,
it needs to make a distinction between weight matrices that are connected to inputs and weight
matrices that are connected between layers. It also needs to identify the source and destination
for the weight matrices.
We will call weight matrices connected to inputs input weights; we will call weight
matrices connected to layer outputs layer weights. Further, superscripts are used to identify the
source (second index) and the destination (first index) for the various weights and other elements
of the network. To illustrate, the one-layer multiple input network shown earlier is redrawn in
abbreviated form here.
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Figure 36 one-layer multiple input network

The weight matrix connected to the input vector p is labeled as an input weight matrix
(IW1,1) having a source 1 (second index) and a destination 1 (first index). Elements of layer 1,
such as its bias, net input, and output have a superscript 1 to say that they are associated with the
first layer.
A network can have several layers. Each layer has a weight matrix W, a bias vector b,
and an output vector a. To distinguish between the weight matrices, output vectors, etc., for each
of these layers in the figures, the number of the layer is appended as a superscript to the variable
of interest. You can see the use of this layer notation in the three-layer network shown next, and
in the equations at the bottom of the figure.

Figure 37 three-layer network

The network shown above has R1 inputs, S1 neurons in the first layer, S2 neurons in the
second layer, etc. It is common for different layers to have different numbers of neurons. A
constant input 1 is fed to the bias for each neuron
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Note that the outputs of each intermediate layer are the inputs to the following layer.
Thus layer 2 can be analyzed as a one-layer network with S1 inputs, S2 neurons, and an S2 × S1
weight matrix W2. The input to layer 2 is a1; the output is a2. Now that all the vectors and
matrices of layer 2 have been identified, it can be treated as a single-layer network on its own.
This approach can be taken with any layer of the network.
The layers of a multilayer network play different roles. A layer that produces the network
output is called an output layer. All other layers are called hidden layers. The three-layer
network shown earlier has one output layer (layer 3) and two hidden layers (layer 1 and layer 2).
The architecture of a multilayer network with a single input vector can be specified with
the notation R − S1 − S2 −...− SM, where the number of elements of the input vector and the
number of neurons in each layer are specified.
The same three-layer network can also be drawn using abbreviated notation.

Figure 38 three-layer network

Multiple-layer networks are quite powerful. For instance, a network of two layers, where
the first layer is sigmoid and the second layer is linear, can be trained to approximate any
function arbitrarily well.
Here it is assumed that the output of the third layer, a3, is the network output of interest,
and this output is labeled as y. This notation is used to specify the output of multilayer networks.
Network inputs might have associated processing functions. Processing functions
transform user input data to a form that is easier or more efficient for a network.
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Network inputs might have associated processing functions. Processing functions
transform user input data to a form that is easier or more efficient for a network.
For instance, mapminmax transforms input data so that all values fall into the interval
[−1, 1]. This can speed up learning for many networks. The removeconstantrows removes the
rows of the input vector that correspond to input elements that always have the same value,
because these input elements are not providing any useful information to the network. The third
common processing function is fixunknowns, which recodes unknown data (represented in the
user’s data with NaN values) into a numerical form for the network. The fixunknowns preserves
information about which values are known and which are unknown.
Similarly, network outputs can also have associated processing functions. Output
processing functions are used to transform user-provided target vectors for network use. Then,
network outputs are reverse-processed using the same functions to produce output data with the
same characteristics as the original user-provided targets.
The easiest way to create in MATLAB a neural network is to use one of the network
creation functions. To investigate how this is done, you can create a simple, two-layer
feedforward network, using the command feedforwardnet: net = feedforwardnet
After a neural network has been created, it must be configured. The configuration step
consists of examining input and target data, setting the network’s input and output sizes to match
the data, and choosing settings for processing inputs and outputs that will enable best network
performance. The configuration step is normally done automatically, when the training function
is called.
When the network weights and biases are initialized, the network is ready for training.
The multilayer feedforward network can be trained for function approximation (nonlinear
regression) or pattern recognition. The training process requires a set of examples of proper
network behavior—network inputs p and target outputs t.
The process of training a neural network involves tuning the values of the weights and
biases of the network to optimize network performance, as defined by the network performance
function net.performFcn. The default performance function for feedforward networks is mean
square error mse—the average squared error between the network outputs a and the target
outputs t. It is defined as follows:
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(3.8)
There are two different ways in which training can be implemented: incremental mode
and batch mode. In incremental mode, the gradient is computed and the weights are updated
after each input is applied to the network. In batch mode, all the inputs in the training set are
applied to the network before the weights are updated. The batch mode training is performed
with the train command. The incremental mode training is performed with the adapt command.
For most problems, batch training is significantly faster and produces smaller errors than
incremental training.
Most training methods use either the gradient of the network performance with respect to
the network weights, or the Jacobian of the network errors with respect to the weights.
The gradient and the Jacobian are calculated using a technique called the
backpropagation algorithm, which involves performing computations backward through the
network.
As an illustration of how the training works, consider the simplest optimization algorithm
— gradient descent. It updates the network weights and biases in the direction in which the
performance function decreases most rapidly, the negative of the gradient. One iteration of this
algorithm can be written as

where xk is a vector of current weights and biases, gk is the current gradient, and αk is the
learning rate. This equation is iterated until the network converges.
When training multilayer networks, the general practice is to first divide the data into
three subsets. The first subset is the training set, which is used for computing the gradient and
updating the network weights and biases. The second subset is the validation set. The error on
the validation set is monitored during the training process. The validation error normally
decreases during the initial phase of training, as does the training set error. However, when the
network begins to overfit the data, the error on the validation set typically begins to rise. The
network weights and biases are saved at the minimum of the validation set error.
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The test set error is not used during training, but it is used to compare different models. It
is also useful to plot the test set error during the training process. If the error on the test set
reaches a minimum at a significantly different iteration number than the validation set error, this
might indicate a poor division of the data set.
There are four functions provided for dividing data into training, validation and test sets.
They are dividerand (the default), divideblock, divideint, and divideind.
To illustrate the training process, execute the following commands in MATLAB:
load house_dataset % here it is assumed that some data file “house_dataset” % exists
net = feedforwardnet(20);
[net,tr] = train(net,houseInputs,houseTargets);
The training window will appear during training, as shown in the figure on the next page.
This window shows that the data has been divided using the divider and function, and the
Levenberg-Marquardt (trainlm) training method has been used with the mean square error
performance function.
During training, the progress is constantly updated in the training window. Of most
interest are the performance, the magnitude of the gradient of performance and the number of
validation checks. The magnitude of the gradient and the number of validation checks are used to
terminate the training. The gradient will become very small as the training reaches a minimum of
the performance. If the magnitude of the gradient is less than 1e-5, the training will stop. The
number of validation checks represents the number of successive iterations that the validation
performance fails to decrease. If this number reaches 6 (the default value), the training will stop.
In this run, you can see that the training did stop because of the number of validation checks.
After the network is trained and validated, the network object can be used to calculate the
network response to any input. For example, if you want to find the network response to the fifth
input vector in the building data set, you can use the following
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Figure 39 training window

a = net(houseInputs(:,5));
Below, the network object is called to calculate the outputs for a concurrent set of all the
input vectors in the housing data set. This is the batch mode form of simulation, in which all the
input vectors are placed in one matrix. This is much more efficient than presenting the vectors
one at a time.
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a = net(houseInputs);
Each time a neural network is trained, can result in a different solution due to different
initial weight and bias values and different divisions of data into training, validation, and test
sets. As a result, different neural networks trained on the same problem can give different
outputs for the same input.
To ensure that a neural network of good accuracy has been found, retrain several times.
The techniques of the neural networks can be effectively used to find parameters’ values that
improve learning quality level, or, in other words, to find those values of parameters (like grades
received in total midterm evaluation or number of hours (per week) that each student has spent
on home assignments) which bring closer the distribution of actual exams’ grades to the pattern
one.
First of all, we have to create datasets for performing training process. As it was shown
above, the 4x100 array ‘independent_training_set’ and 1x100 ‘dependent_training_set’ represent
these datasets.
Our goal is to find the dependence of number of grade obtained in the exam on all four
factors (total midterm evaluation of the student, average number of hours (per week) that each
student has spent on home assignments, average grades that each student has obtained for all
prerequisites of the current subject and the difficulty level of the exam).
3.3.1 Using Generalized Regression Neural Networks (GRNN) to Find Parameters’
Values that Improve Learning Quality Level
To build neural network model for our task we’ll use the Generalized Regression Neural
Network (GRNN). It is known the GRNN is a much efficient method for fitting or approximating
the complex dependencies. Generalized Regression Neural Networks (GRNN) is a special case
of Radial Basis Networks (RBN) (Harington, 1965; Specht, 1991; Hannan, Manza, Ramteke,
2010). Here a radial basis function (RBF) (also called a kernel function) is used to predict value
of the dependent variable in some point by taking into account the values of dependent variable
in neighbor points. The RBF is applied to the distance to compute the weight (influence) for each
point. The radial basis function is so named because the radius distance is the argument to the
function.
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Weight = RBF(distance)
The further some other point is from the current point (for which the prediction is being
performed), the less influence it has.

Figure 40 RBF Distance Detection

Different types of radial basis functions could be used, but the most common is the
Gaussian function:

Figure 41: RBF Transfer Function

If there is more than one predictor variable, then the RBF function has as many
dimensions as there are variables. Here is a RBF function for two variables:
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Figure 42: RBF for Two Variables

The best predicted value for the current point (for which the prediction is being
performed) is found by summing the values of the other points weighted by the RBF function.

Figure 43: Weighted sim of RBF transfer function

The peak of the radial basis function is always centered on the point it is weighting. The
sigma value (σ) of the function determines the spread of the RBF function; that is, how quickly
the function declines as the distance increased from the point.
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Figure 44 A Distribution Type

With larger sigma values and more spread, distant points have a greater influence. If the
sigma values are too large, then the model will not be able to closely fit the function. If the sigma
values are too small, the model will overfit the data because each training point will have too
much influence. MATLAB uses the conjugate gradient algorithm to compute the optimal sigma
values.
Here is a radial basis network with R inputs (Beale, Hagan, and Demuth, 2014):

Figure 45 radial basis network with R inputs

Here is the diagram of GRNN network :
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Figure 46 diagram of GRNN network

All GRNN networks have four layers:


Input layer — There is one neuron in the input layer for each predictor variable.
In the case of categorical variables, N-1 neurons are used where N is the number
of categories. The input neurons (or processing before the input layer)
standardizes the range of the values by subtracting the median and dividing by the
interquartile range. The input neurons then feed the values to each of the neurons
in the hidden layer.



Hidden layer — This layer has one neuron for each case in the training data set.
The neuron stores the values of the predictor variables for the case along with the
target value. When presented with the x vector of input values from the input
layer, a hidden neuron computes the Euclidean distance of the test case from the
neuron’s center point and then applies the RBF kernel function using the sigma
value(s). The resulting value is passed to the neurons in the pattern layer.



Pattern layer / Summation layer —There are only two neurons in the pattern
layer. One neuron is the denominator summation unit the other is the numerator
summation unit. The denominator summation unit adds up the weight values
coming from each of the hidden neurons. The numerator summation unit adds up
the weight values multiplied by the actual target value for each hidden neuron.



Decision layer — This layer divides the value accumulated in the numerator
summation unit by the value in the denominator summation unit and uses the
result as the predicted target value.
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Unlike standard feedforward networks, GRNN estimation is always able to converge to a
global solution and won’t be trapped by a local minimum.
We start by calling the command “nntool” of the MATLAB toolbox “Neural Networks”.
Next we import (using the button ‘Import’) two datasets: ‘independent_training_set’ and
‘dependent_training_set’:

Figure 47 Neural Network Data Manager Window

Then we create the neural network of the ‘generalized regression neural network’ type,
the name of the network is GGRN1:
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Figure 48 Neural Network Data Creating Window

Here we assign the spread constant the value 0.7. We use a spread slightly lower than 1,
the distance between input values, in order, to get a function that fits individual data points fairly
closely. A smaller spread would fit data better but be less smooth.
The network looks like:

Figure 49 Neural Network Diagram

As it was mentioned above, the advantage of the GGRN networks is that the training
process is carried out in parallel with creation of the network. So, we can immediately use
(simulate) the network for the new data.
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3.4

The Procedure of Finding Relevant Values of Integrated Parameters of the Overall
Quality Level of Learning Process
In this procedure we use the search of the parameters’ values that implements the genetic

algorithm (GA) and the desirability functions (see sections 3.2.8 and 3.2.9). Namely, the
procedure computes the integrated PDF curve (see the chapter 2). Recall that there are PDF
curves of R actual tests (given in interpolation points i, namely, i mean points of 10th, 20th, 30th,
40th, 50th, 60th, 70th, 80th, 90th percentiles, see explanation in the chapter 2), denoted Fr(xi), (r
= 1 …….R). They are combined to achieve an overall PDF curve D:
R

D(i ) 

 (F (x )
1

r

i

R

,

The integrated PDF curve should be compared with the pattern PDF curve obtained
above. To determine the closeness (or distinction) of distribution (and, thereby, determine the
quality of learning process) we’ll use Kullback–Leibler Divergence. Let D and P be two PDFs,
defined on, where n is the dimension of the observed vectors x =(x1, x2,….,xn). The Kullback-

n

Leibler divergence (KL divergence) between D and P is defined as:
KL( D || P) 

D( x)

 D( x) log P( x) dx

n

Here D( x ) is an integrated PDF, obtained in (4), and P( x ) is a pattern PDF.
In the thesis we use the following estimate of the “good” upper bound (UBEst( x )) for the
KL(x) (again see the corresponding explanation in the chapter 2):
n
 n D( xi ) 2

D( xi )
UBEst( x ) = min 
 1, 
D( xi )  P( xi ) 
P( xi )
1
 1 P( xi )


Then, in order to be considered as a good approximation of the pattern PDF the following
inequality must hold:
KL(x)  UBEst (x)

So, in accordance with the above reasoning, we build for the given vector x the fitness
function FF (x) :
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FF (x)  KL(x)  UBEst (x)

Recall that a vector x is computed by the implementation of the Generalized Regression
Neural Networks (GRNN), which is assumed as a metamodel in the thesis. The neural network
acts as a filter to eliminate those GA procedure’s solutions that can be predicted with certain
accuracy to be inferior to the best-known solution (Laguna and Marti, 2002). Let us introduce the
following notations:

x - a solution vector for the GA optimization process
f( x ) – the output of the actual fitness function (when output values of actual integrated
PDF are used)
p(w, x ) – the output of integrated fitness function as predicted by the GRNN with
weights w when the solution x is used as inputs
x* - the best known solution to the GA optimization problem
Parallel to GA optimization problem, there is a training process , which consists of
finding the set of weights w that minimize an aggregate error measure - mean squared error
(MSE).
Suppose that during the search for the optimal values of x, the procedure applied to the
optimization problem generates a set ALL of solutions x. Note that x* belongs to the set ALL.
Let TRAIN be a random sample of solutions in ALL, such that |TRAIN| ≤ |ALL|. Then we
define the training problem as :
Min g (w) 

1
| TRAIN |



xTRAIN

( f (x)  p(w, x)) 2

where w is the set of optimization variables of the training problem. Since the training
problem cannot be solved until there are at least |TRAIN| solution in ALL, the GA search
procedure must initially operate without help of the GRNN by evaluating trial solution x using
real fitness function (when output values of real (actual) integrated PDF are used). As the GA
optimization search advances, the set of ALL solutions becomes large enough so that a suitable
training set can be constructed. The training problem is then periodically solved with new
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TRAIN sets in order to improve the accuracy of the prediction generated by the associated neural
network GRNN. The Fig. 50 shows the flowchart of the approach.
Optimizing stage involves a GA to optimize fitness function FF and the corresponding
combination values of the independent parameters from the possible solution space (Chen and
Chan, 2010).
Herein, a possible solution represents a chromosome (see also the section 3.2.8 of the
thesis). A chromosome is a string type, which is organized by a sequence of the parameters
values for the problem. The individual sites on the chromosome where the parameter values are
stored are called genes. Genes in the chromosome are formed by the values of the parameters.
The chromosome evolve through successive iterations , called generations. During each
generation , the chromosome are evaluated by a fitness function.
The operational steps are given as follows:
Step 1. Set population size, crossover rate PC , and mutation rate PM . Initialize a random
population of strings of size l. Choose a maximum allowable generation number tmax. Set t=0
Step 2. Calculate the fitness function by inputting parameters values to the trained GRNN
Step 3. If t< tmax then terminate
Step 4 Perform reproduction on the population
Step 5. Perform crossover on pair of string with probability PC
Step 6. Perform mutation on strings with probability PM
Step 7. Evaluate values of strings. Set t=t+1 and go to the Step 2
Step 8. Obtain the optimal combination values of parameters and the corresponding
fitness function FF.
The above procedure uses the Matlab genetic algorithm function ga with the syntax
(Matlab User’s Guide, 2010)
[x fval] = ga(@fitnessfun, nvars, options)
where
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@fitnessfun is a handle to the fitness function, where fitnessfun.m is an M-file that
computes the fitness function



nvars is the number of independent variables for the fitness function.



options is a structure containing options for the genetic algorithm. If you do not
pass in this argument, ga uses its default options.

Figure 50: The flowchart of the GA optimization search procedure

The results are given by

For



x — vector at which the final value is attained



fval - final value of the fitness function

our

problem

the

fitness

function

is

FF

(the

function

handle

@FF,

FF (x)  KL(x)  UBEst (x) ), the value of the nvars is 4 – amount of the parameters (total

midterm evaluation (integrated for all subjects) of the student, average (integrated) number of
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hours that each student has spent on home assignments, average grades that each student has
obtained for all prerequisites of the integrated subject, difficulty level of the integrated exam).
The procedure executes and the final value of the fitness function when the algorithm
terminated is fval =0.02184 – rather close to the theoretically computed value 0.01851.
The final vector x in this example is [16; 1.26; 54; 3]. Recall that the components of the
vector x are:
x (1) - total midterm evaluation (integrated for all subjects) of the student (=16);
x (2) - average (integrated) number of hours that each student has spent on home
assignments (=1.26)
x (3) - average grades that each student has obtained for all prerequisites of the integrated
subject (=54)
x (4) - difficulty level of the integrated exam (=3)
As one can see from the details of the GA optimization procedure, this approach is
efficient to determine and analyze quickly the overall quality level and critical values of relevant
parameters of learning process at an educational institution. In fact, values only of integrated
indicators are considered in the GA procedure. In case of unsatisfactory values, obtained by the
procedure, relevant actions to improve quality must be undertaken. However, this approach has
some drawbacks. The matter is that different subjects may be characterized by different optimal
values of the parameters. For example, the average number of hours that each student has spent
on home assignments may be different for, say, mathematics and history. The proposed GA
procedure does not discriminate between such cases and cannot take into account the specific
features (peculiarities) of different subjects. So, the GA procedure cannot propose the actions
that may improve the quality of learning process for a single subject. Of course, the procedure
has a variant that operates with non-integrated PDF (PDF for a single subject), but it lacks some
advantages which has the integrated variant of the procedure. To cope with this problem another
procedure, which can determine unsatisfactory quality level of learning process for a single
subject and propose the relevant actions to improve quality of this given subject, has been
developed in the thesis. This procedure is considered in the next section.
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3.5

Sequential Adaptive Procedure to determine Quality Level of Learning Process for
the Single Subject
The proposed procedure essentially uses the principles of sequential adaptive strategy

with sequential sampling of experimental points (see the section 3.2.5).
To fulfill our goal (to determine the minimum values of the factors that will bring the actual
distribution of test grades (of single particular subject) to the pattern one) we can try to change
the values of one of the factors (or all factors). The change may consist in increasing or
decreasing of the factor (depending on whether the percentage of actual grades is more or less
than the percentage of the pattern one). For the percentage of failed students (those who obtained
less than 60 grades) the changes are as follows: if the actual percentage is more than pattern one,
the algorithm has to increase the values of three first factors (total midterm evaluation of the
student, average number of hours that each student has spent on home assignments, average
grades that each student has obtained for all prerequisites of the current subject) and, maybe, to
reduce the difficulty level of the exam (in case if changes of first three factors did not help). The
order of factors (priorities) that must be changed is determined by the administration. One option
is the priority is as follows:
1. total midterm evaluation of the student
2. average number of hours that each student has spent on home assignments
3. average grades that each student has obtained for all prerequisites of the current
subject
4. difficulty level of the exam
Another option is when all factors have the same priorities.
For other percentages (percentages of students have grades between 61 and 80,
percentages of students gave grades between 81 and 95, and percentages of students have grades
between 96 and 100) the rule is as follows: if the actual percentage is less than pattern one, the
algorithm has to increase the values of three first factors maybe, to reduce the difficulty level of
the exam (in case if changes of first three factors did not help). If the actual percentage is more
than pattern one, then maybe it is necessary to increase the difficulty level (since the
recommendation of decrease values of first three factors is not acceptable from a pedagogical
point of view).
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Here it is necessary to emphasize the following point: changing the values of factors is
intended to determine the values which may be useful in future, that is, the updated values of
factors can be taken into account and recommended for preparation to future exams. For
example, if the average prerequisite grades for failed students, found by the proposed procedure,
is, say, 68, then the administration may issue the decree that students who have the average
prerequisite less than 68, cannot be admitted to the exam, otherwise the probability of pattern
(required) requirements’ violations increases and, thereby, the quality of the educational process
deteriorates. Besides, it is assumed that ability of students to learn (and which are fixed by
grades obtained in the exams) will be unchanged in future. The main goal of the proposed
approach is to meet the requirements of the quality of learning process developed by the
university’s administration. The Fig. 51 shows the flowchart of the proposed sequential adaptive
procedure.
In accordance with the above mentioned we can continue by creation a new training set,
for example, for total midterm evaluation factor. The step of change is: (maximum value –
minimum value)/10, or (59-20)/10=3.9. The rounded value is 4. The updated values of the factor
is:
Table 19 updated values of the factor

24 25 27 27 29 29 30 30 30 31 32 33 34 34 35 34 34 35 35 36 36 36 36 37 37
37 34 38 38 39 38 39 40 40 41 41 40 41 41 41 41 42 42 42 41 42 42 42 42 42
43 43 43 44 44 45 45 46 46 45 46 46 47 47 48 48 49 49 49 49 50 49 50 50 51
51 51 52 53 53 53 53 54 55 55 55 56 56 58 57 58 58 59 59 59 60 60 60 60 60
Now we again call the GRNN model and submit updated training set. The result (updated
values of grades) are:
Table 20 updated values of grades

18 21 22 23 24 24 26 28 26 28 32 33 33 33 35 34 36 36 36 36 36 36 40 41 42
42 41 46 46 46 46 54 46 47 46 47 54 48 56 54 54 57 57 57 57 57 60 60 64 60
64 64 64 67 67 67 67 75 75 72 75 75 77 77 77 77 77 78 77 78 80 80 77 80 80
80 80 82 82 82 82 83 84 86 86 86 86 87 89 89 89 90 90 90 90 90 92 99 99 99
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As one can see, the percentage of failed is reduced and now is 46%.

Figure 51: Flowchart of the sequential adaptive procedure.

The further action depends on the distribution of priorities among the factors. If all
factors have the same priorities then the next action is changing the values of the next factors
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(here this is average number of hours that each student has spent on home assignments). If the
current factor has higher priority, then its values is increased by the step (equal to 4), the updated
independent training set again is submitted to the network, the updated grades are again analyzed
and so on. Only if the end of the range of factor’s possible values is reached and the desired
result is not obtained (that is, no reduction of the percentage of failed students to 40% is
obtained), we continue with updating values of the next factor.
Let us assume that all factors have the same priority. In this case we proceed with the
next factor.
So, we have to change (increase) the values of the second factor - average number of
hours that each student has spent on home assignments. The step of change is: (maximum value
–minimum value)/10=0.4441.The updated values of the factor are:
Table 21 updated values of studying hours per unit of time
0.93 0.96 1.1

1.1

1.2

1.2

1.3

1.3

1.3

1.3

1.4

1.5.

1.5

1.6

1.6

1.6

1.7

1.7

1.8

1.8

1.8

1.9

1.9

1.9

1.9

1.9

2

2

2.1

2.1

2.1

2.2

2.2

2.3

2.4

2.4

2.5

2.6

2.6

2.6

2.6

2.8

2.9

2.9

2.9

2.9

2.9

3

3

3

3.1

3.2

3.2

3.2

3.2

3.2

3.2

3.2

3.2

3.2

3.2

3.4

3.4

3.5

3.5

3.5

3.7

3.7

3.7

3.8

3.8

3.8

3.8

3.8

3.8

3.8

3.9

3.9

3.9

3.9

3.9

3.9

3.9

4

4.1

4.1

4.1

4.1

4.1

4.1

4.2

4.2

4.2

4.2

4.3

4.5

4.6

4.9

5.2

5.3

We again submit the updated independent training set to the network, simulate it and
obtain the result:
Table 22 new results of he simulation
18

21

23

23

24

24

26

28

26

28

32

33

33

33

35

34

36

36

36

36

36

36

40

41

42

42

41

46

46

46

46

54

46

47

46

48

54

48

56

54

54

57

57

57

57

57

61

61

64

61

64

64

64

67

67

67

67

75

75

73

76

76

77

77

77

77

77

78

77

78

80

80

77

80

80

80

80

82

82

82

83

83

84

86

86

86

86

87

89

89

89

90

90

90

90

90

92

99

99

99

As one can see, no reduction of failed students’ percentage was obtained: this value
remains 46%. Hence, we continue with the next factor - average grades that each student has
106

obtained for all prerequisites of the current subject. We change values of this factor by the
appropriate step, again submit updated set to the network, simulate the network, obtain the
grades. Now we obtained the reduced percentage of failed students: 42%.
As the required (pattern) value 40% is not reached, we return to the first factor, update it,
submit to the network, simulate it and obtain the new result: percentage of failed student is 39%.
Hence, we obtain the desired result and it corresponds to the following minimum values of the
factors:
Minimum value of the total midterm evaluation =28
Minimum average number of hours that each student has spent on home
assignments=0.93 hours
Minimum average grades that each student has obtained for all prerequisites = 60
Difficulty level of the exam = 3
The combination of values of these factors provides required quality of the learning
process in the part of percentage of failed students. The values of the factor can be taken into
account when preparing future exams.
As for the other percentages, the search of appropriate values is been performed (with
some difference that are describe above).
However, as one can see, this process (using the panel of “nntool” manually) is quite
tedious. Therefore, the fully automated module has been developed in the thesis submitted.
20

21

23

23

25

25

26

26

26

27

28

29

30

30

31

30

30

31

31

32

32

32

32

33

33

33

30

34

34

35

34

35

36

36

37

37

36

37

37

37

37

38

38

38

37

38

38

38

38

38

39

39

39

40

40

41

41

42

42

41

42

42

43

43

44

44

45

45

45

45

46

45

46

46

47

47

47

48

49

49

49

49

50

51

51

51

52

52

54

53

54

54

55

55

55

56

56

57

59

58

Table 23 grades obtained from the midterm exam
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The MATLAB program constructions were used. Some basic statements of the module
are given in table 7 above.
Table 24 independent_training_set=
0.51 0.65 0.65 0.78 0.78 0.86 0.86 0.88 0.9 0.96 1.1

1.1

1.1

1.2

1.2

1.3

1.3

1.3

1.4

1.4

1.4

1.4

1.4

1.5

1.5

1.5

1.5

1.7

1.7

1.7

1.8

1.8

1.8

2

2

2.1

2.2

2.2

2.2

2.2

2.4

2.4

2.5

2.5

2.5

2.5

2.5

2.5

2.6

2.7

2.7

2.7

2.7

2.7

2.8

2.8

2.8

2.8

2.8

2.9

2.9

3.1

3.1

3.1

3.2

3.2

3.2

3.3

3.3

3.3

3.3

3.3

3.3

3.3

3.4

3.4

3.4

3.4

3.5

3.5

3.5

3.6

3.6

3.7

3.7

3.7

3.7

3.7

3.7

3.8

3.8

3.8

3.8

4.1

4.2

4.5

4.8

4.8

4.9

0.49

Table 25 grades obtained from prerequisites
51

51

51

52

52

52

53

54

53

56

57

57

57

57

58

58

59

59

59

58

59

59

60

60

61

61

62

63

62

63

63

67

64

65

64

65

66

65

68

67

67

68

68

68

69

68

69

69

70

69

70

70

71

72

72

72

72

74

74

75

75

75

75

74

76

76

76

77

76

77

77

78

76

79

79

80

80

81

80

81

82

83

82

83

85

84

84

85

85

87

86

87

87

88

88

89

90

95

95

97

Table 26 difficulty level of exam
3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3

3
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Table 27 dependent_training_set =

12

12

17

18

21

22

23

24

24

24

26

27

28

28

28

30

30

31

31

33

33

34

35

36

37

39

40

40

41

41

43

45

46

46

46

46

46

48

50

50

51

53

54

55

55

55

55

56

56

57

57

58

62

63

64

64

65

66

66

66

67

67

67

70

71

72

73

73

74

75

77

77

77

78

78

79

80

80

80

81

81

82

82

82

83

83

84

86

87

88

88

89

89

90

90

92

97

99

99

99

spread = 0.7;
grnn1= newgrnn(independent_training_set, dependent_training_set,spread);
grnn1_outputs=sim(grnn1, independent_training_set);
% below the statement increasing the value of the first factor –total midterm evaluation –
by 4 is shown
independent_training_set(1,:)= independent_training_set(1,:) +4;
grnn1_outputs=sim(grnn1, independent_training_set);
..............................................
and so on.
The main advantage of the sequential adaptive procedure is that the tuning of parameters’
values is being executed with much higher degree of precision. Besides, the time of execution is,
as a rule, significantly shorter than in case of GA optimization procedure.
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CONCLUSIONS
According to the defined purposes of the study the following results are obtained in the
thesis:


Specific objectives and ideas of quality management in education, manufacturing and
business are thoroughly explored and clarified.



techniques and methods that assist interested parties to reveal quickly and reliably
possible problems and drawbacks in this area are developed



The developed techniques use the strictly defined approximation procedures and
allows users automatically evaluate of closeness of actual quality level to the required
(pattern) one when changing quality requirements.



in case of detecting significant differences between the required (pattern) and actual
quality indicators practically available and convenient procedures to solve the
problems revealed in inter-active or in fully automated modes are developed



the proposed procedures implement a new approach (based on the use of neural
network of ‘Generalized Regression Neural Network’ type) of determining the
relevant values of the factors (parameters) that will bring the actual quality indicators
to the pattern ones



despite the fact that the developed technique uses the data for the educational process
(on the example of the Universities of Northern Iraqi), it can be used without loss of
generality to study and improve the quality indicators in manufacturing, business
process management, economics, etc.

The problem of evaluation of manufacturing, business and learning processes is defined in
the thesis. The need for using non-parametrical approximation methods was demonstrated.
Furthermore, a new approach to evaluate the closeness of realistic (actual) quality of production
or learning processes to the pattern requirements is proposed. This approach might be used in
Manufacturing, Business and Educational fields.
In this thesis, the essence of the problem of finding appropriate values or relevant parameters
is considered. Basic notions and principles of metamodeling, design of experiments,
optimization strategies are also considered. The detailed description of neural networks basics is
given. The procedure of finding relevant values of integrated parameters of the overall quality
level of learning process and the sequential adaptive procedure to determine quality level of
learning process for the single subject are developed and described in the methodology part.
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It was seen that non-parametric models gave good solutions for determining the optimum
levels of each parameters of dependent variable. It was seen on the literature that levels of the
parameters were determined by using different robust design techniques such as Taguchi Model,
Design of Experiment…etc. from this point; another research might be performed competitively
with Generalized Regression Neural Network Model, Taguchi Model and Design of Experiment
model. This research might give better solutions if the models are applied on the same problem.
By this way it might be more clearly seen which model will perform better than other
competitive models for the solution of a manufacturing, business or service problems.
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